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Pat has red tiles and black tiles. Pat uses the tiles to make square shapes.

The 3 x 3 shape has The 4 x 4 shape has 4 black

1 black tile and 8 red tiles. tiles and 12 red tiles.
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Example of 8th Grade TIMSS Problem
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Pat wanted to add a line to the table showing how to find the number of tiles P

needed to make a square of any size. Use the patterns in the table on the opposite [N @3 g'=10 ||

page to help you complete the line for shape 71 x 7 in the table below. )
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Why does math become
increasingly difficult?

Students lack understanding of number
relationships

New content is more abstract, requires
generalization

There is a great deal of new content and often
dealt with superficially

Fewer manipulatives and visual images are used

Teachers may not always be able to explain
procedures (e.g. division of fractions or decimals)

Students don’t see relevance of math
Parents less able to help

Attitude matters

Return to Algebra Comics




There are many difficult
transitions for middle school
students

Whole number to rational numbers
New definitions for fractions: ratios and
division

Natural numbers to integers

Positive to signed numbers

Number to variable

Patterns to functions

Arithmetic to generalizations

Balance understanding and
procedural fluency

But what does mathematical understanding look like? One hallmark of
mathematical understanding is the ability to justify, in a way
appropriate to the student’s mathematical maturity,

why a particular mathematical statement is true or where a
mathematical rule comes from. There is a world of difference between
a student who can summon a mnemonic device to expand a product
such as (a + b)(x + y) and a student who

can explain where the mnemonic comes from... Understanding and
procedural skill are equally important, and both are assessable using
mathematical tasks of sufficient richness.

COMMON CORE
STATE STANDARDS For

Mathematics

An important feature of the Singapore
curriculum is its emphasis on visualizatiol
as a major strategy for developing
understanding and problem solving.

One often hears teachers there saying:
“Can You see it?”
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When you read the number -5, what images do
you have?

© Location on a number line 5 units to the left or
5units below 0.

> The integer between -4 and -6

© The action of removing 5 from a set

The action of moving left or down 5 units

The additive inverse of 5, the number when

addedto+5=0

¢

¢

Less than 40% of of 12-13 year olds were able to
subtract integers
Garladdo (1995)

More than 25% of 12-13 year olds can’t add a
positive and negative number
Kloosterman (2012)

50% of 12-13 year olds can’t divide integers
correctly.
Kloosterman (2012)




When you see the division of a fraction, what
mental image do you have?

How can students develop an understanding of
why the division of a fraction by a fraction is
solved by multiplying by the reciprocal?

Greater than one or less than one?

1+2/3
3/4 +1/8
3/4 +7/8
3/4 + 213
2/3 + 3/4
413 + 27

Visualize whole number divided by a unit
fraction

How many fourths in 1 whole? In2? 2 + 1/4=2x4

How many fourths in 6 wholes? In 20?
If you know one whole, how can you find the number
in any number of wholes ? n + 1/4 =nx 4

#twholes x 4 = number of fourths




Visualize a whole number
divided by a proper fraction

How many 2/3 in 1 whole?
How many 2/3 in 2 wholes?
Now how many 2/3 in 1 whole? Half of 3 or 3/2

So if we know how many in 1, how can we
find how many 2/3 in 5 wholes?

[T ITT ]

5x3/2=5:2/3
7x3/2=7+2/3

into fourths using vertical lines and

There are _?_ three-fourths in the 3 paper strips.
3_2

0,3+

Visualize a larger proper fraction
divided by a smaller unit fraction

Aplank is % meter in length. A worker cuts it into

some pieces, each of which is % meter long. Into
how many pieces did he cut the plank?

Plank
A
f \
——
1o Ten tenths in 5/5, so

4/5x10in 4/5 of ayard




Visualize larger proper fraction divided
by a smaller proper fraction

A pitcher contains % quart of
juice. If the juice is poured
into glasses that hold %

quart, how many glasses
can be filled? How much
juice is left in the pitcher?

Visualize larger proper fraction divided
by a smaller proper fraction

3/10

--|:| How many 3/10in 4/5
of a quart

How many 3/10in 1?
10/3
How many 3/10 in 4/5?

4/5x10/3

Visualize larger fraction divided
by a smaller fraction

1/2+1/4

.
\_Y_)

1/2  4fourthsin1,so1/2x4
in 1/2 of a whole




Visualize smaller fraction divided
by a larger fraction

1/4+1/2
-
)
1/2

Two halvesin 1, so 1/4
times2=1/2ina
quarter

Visualize larger fraction into smaller

2/3+3/4

]
\_Y_/

3/4 How many 3/4in 1,
(4/3)
so2/3x4/3=2/3+
3/4=8/9

Partitive Division of fractions

If Barclay swims 2/3 of a mile in 3/4 of an hour, how far can he
swim in one hour at that same rate?




« Why visualization?

-Lilian’s present age is 2/3 times May’s age.
+a) Find the ratio of Mays age to Lilian’s age.

*b) How many times the total age of the two girls
is Lilian’s age?
«c) Their combined age is 25 years. Find the age of

Lilian

vy [N

5 = 25 Lilian is 10 and May is 15

Mathin o
Focus Visualization: Is this it?

singapore Math
v Marshll Cavendish

You can compre numbars or quanties by comparing their sizes.

Comparo 7 and . Compare 5 contimeters and 9 conimeters.




Model For Ratio

%2 Draw models to sol

Megan prepares a fruit punch using apple juice and orange juice in the ratio 4 : 3.

) If the total volume of the fruit punch is 630 milliiters, find the volume of
apple juice Megan uses.

Orenee _

7 units equals 630 ml
1 unit equals 90
4 x90ml = 360ml = apple juice

630 ml

From fractions to ratio

D Today the ratio of Elinor's age to her mother's age is 3 : 8. After 15 years, the
ratio will become 6: 11.

a) Find Elinor's age today.

b) Find her mother's age after 15 years.

15
1> Mother will be 55

HNNREN "

Ratio problems

The ratio of the number of beads Karen had to # of beads Patricia
had was 2:5. After Patricia bought another 75 beads, the ratio
became 4:15 How many beads did each girl have at first?

aren [
o T | (]

75

Karen = 60 75+5=15
Patricia had 150 D =15




Visualization so students can do independent
practice

A rope is cut into three pieces P, Q, and R. The lengths of the pieces are in
the ratio 3: 5 7. If the rope is 33 feet 9 inches long, find the lengths of P, Q,
and R.

Basic

termediate © 1 a school gym, the ratio of the number of boys to the number of girls was
4 : 3. After 160 boys left the gym, the ratio became 4 : 5. How many girls
were there in the gym?

dvanced D The ratio of Mike's savings to Nicks savings was 4 : 3. After Mike saved
another $120 and Nick saved another $60, the ratio became 8 : 5. What was
their combined savings before each of them saved the additional money?

Visualize ratio

wie [N
w RN W

$60

@ The ratio of Mike’s savings to Nick’s savings was 4 : 3. After Mike saved
another $120 and Nick saved another $60, the ratio became 8 : 5. What wa|
their combined savings before each of them saved the additional money?

Percents: Given a quantity and its percent, find the whole

1. Ana has 8% of her CD collection in a box. If there are 96 CDs in the box,
how many CDs are in Ana’s whole collection?

b

96 CDs (8%)
Whole bar is 100%
8% =96
1% =96+8 =12

100% = 100 x 12 = 1200

2. 250% of what number is 60?7




Visualize rates

“Solve unit rates problems including
those involving unit pricing and
constant speed.”

COMMON CORE
STATE STANDARDS Fror

Mathematics

Visualize rates

A racing car can travel at a speed of 175 km per hour.
How far can the racing car travel in 3 hours?

175
1h - unit rate

When you use this method, can you
visualize?

or method 2:

Distance = Rate x Time
Distance = 175 km/hour x 3 hours = 525 km




From ratios to rates

0 Mr. Alan drove for Zg hours at a speed of 70 kilometers per hour. He then

drove another 224 kilometers. He took 5 hours for the whole journey.
‘What was Mr. Alan's average speed for the whole journey?

@ A family took 2 hours to drive from City A to City B at a speed of 55 miles
per hour. On the return trip, due to a snowstorm, the family took 3 hours to
travel back to City A.

a) How many miles did the family travel in all?

b) What was the average speed for the entire trip?

Visualization: connecting image to
the algorithm

Solution




Visualize addi

tion of integers

Algorithm:
Opposite signs, subtract absolute value
and use sign of larger value.

Visualize subtr

action integers

S5 04 03 2 -1 0 1 2 3 4 5
5-(-2) meanshow far is it from -2 to +5
. 5-2=3
o -5-2=-3
® -52=-7
O 5-(-2)=7
O / Algorithm:
O / Change the sign.

42960

The point on the number line shows
the location of -3

Move each expression into a box to
show its correct location on the
number line.

7th Grade




Concrete to Pictorial to Abstract-
Integer Addition

I-1141-31=14+3  Addtheat
= This s the

‘Then decide whether this sum is negative or positive.

G R Use the common sign, a negative sign, for the sum.

Prior to middle school,
students represent word
problems

* The sum of two numbers is 96. The
smaller number is 1/3 the size of the
larger number. What is the smaller
number

s+ [
96
L (I

96+4 =24  The smaller
3x24 =72 nhumberis 24

Visualize word problems with
unknowns

* The sum of two numbers is 96. The
smaller number is 1/3 the size of the
larger number. What is the smaller

number
S#
96
L+ R
4X=96

x = 96/4




There are 550 people at the tournament. 1/3 of the adults and 1/5 of the children wear
jerseys The number of adult and children not wearing jerseys are equal. How many
children do not wear jersey?

e [T
}=550

Does this picture make sense, the green are the people wearing jerseys. Notice that
the 4/5s of children and 2/3 of adults must be the same size.

4 parts of the children equal 2 parts of the adults.
mmm so we can make the fifths the unit

I'l units = 550, | unit = 50 so 4 units of children don’t wear jerseys or
200 children. Check your answer.

Visualizing variable expressions and

equations
Caleb is x years old. His sister is ten years older.
She is y years old. Write an equation that relates
their two ages.

Sister (x + 10)

—_—

Caleb
(x years old)

y=x+10

Visualizing variable expressions
X
2x+5 X
X
s_)—\
—r—31 L —
— 5 B o
-5 y=x-10




Visualize: Distributive property

3(2x +4)

» Visualize word problems

Guided Practice
Solve. Copy and complete.

@ Mark wrote a riddle: A negative number s % of another negative number. If th

sum of the two negative numbers is —35, find the two negative numbers.

» Teach to mastery and proficiency

Guided Practice
Solve. Copy and complete.

@ Mark wrote a riddle: A negative number is % of another negative number. If th

sum of the two negative numbers is —35, find the two negative numbers.

X+ 2/5x = -35

7/5 x = -35

divide both sides by 7/5
x=-25 2/5(-25)=-10




Solve algebraically,
first with elimination,
then with

substitution

(x+2y)-(x+y)=10-8=2

Trajectory Algebra 8th Grade

7 2x+3y =7
+6y=8
Y] o
8 If we double the bottom

! A \ equation, we will have 2 x a
3y to subtract

16-7=9 y=1,x=2

]

XYY YIY Y Y [Y[Y[Y[Y[Y]Y]

\ J

Y
16




@ The petal of a paper flower is created by cutting along the outlines of two
overlapping quadrants within a square. Use 3.14 as an approximation for .

a) Find the distance around the shaded part.

b) Find the area of the shaded part.

[ ]
The Power of visualization

To understand the problem: see relationships
To simplify the problem
To see connections to a related problem

To cater to individual learning styles

As a substitute for computation

As a tool to check the solution

To transform the problem into a mathematical form




Visualization: Enabling students to
persevere & have entry points

Do you think
abar model
will help?
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