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Can	  you	  visualize	  the	  problem?	  
How	  did	  you	  approach	  this	  problem?	  
What	  entry	  points?	  
Can	  you	  visualize	  the	  problem?	  

Try	  this:	  
(No	  calculator	  and	  who	  wants	  to	  do	  all	  those	  calculaDons?)	  
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(n	  +	  1)^2	  -‐	  n^2	  =	  2n	  +	  1	  



8th



Example of 8th Grade TIMSS Problem  

% Received full 
credit 

United States     
57% 

Korea, Japan, 
Singapore 

88-90%



Example of 8th Grade TIMSS Problem  

% Received full 
credit 

United States     
8% 

Korea, Taipei, 
Singapore 

45-54%



Why does math become 
increasingly difficult?

• Students lack understanding of number 
relationships 

• New content is more abstract, requires 
generalization 

• There is a great deal of new content and often 
dealt with superficially 

• Fewer manipulatives and visual images are used 
• We are not always be able to explain procedures 

(e.g. division of fractions or decimals) 
• Students don’t see relevance of math 
• Parents less able to help 
• Math anxiety increases in middle school



Attitude matters



There are many difficult 
transitions for middle school 
students

• Whole number to rational numbers 
• New definitions for fractions: use fraction 

symbol for ratios and division 
• Natural numbers to integers 
• Positive to signed numbers 
• Number to variable 
• Patterns to functions 
• Arithmetic to generalizations



And  now students are expected 
to know even more:



New	  TEKS

Problem	  solving	  in	  meaningful	  contexts,	  language	  and	  
communicaDon,	  connecDons	  within	  and	  outside	  mathemaDcs,	  
and	  formal	  and	  informal	  reasoning	  underlie	  all	  content	  areas	  in	  
mathemaDcs.	  	  
Throughout	  mathemaDcs	  in	  Grades	  6-‐8,	  students	  use	  these	  
processes	  together	  with	  graphing	  technology	  and	  other	  
mathemaDcal	  tools	  such	  as	  manipulaDve	  materials	  to	  develop	  
conceptual	  understanding	  and	  solve	  problems	  as	  they	  do	  
mathemaDcs.



New	  TEKS
“MathemaDcal	  process	  standards.	  The	  student	  uses	  mathemaDcal	  
processes	  to	  acquire	  and	  demonstrate	  mathemaDcal	  understanding.”

“The	  process	  standards	  describe	  ways	  in	  which	  students	  are	  expected	  to	  
engage	  in	  the	  content.	  The	  placement	  of	  the	  process	  standards	  at	  the	  
beginning	  of	  the	  knowledge	  and	  skills	  listed	  for	  each	  grade	  and	  course	  is	  
intenDonal.”



Balance	  understanding	  and	  
procedural	  fluency

“ExpectaDons	  that	  begin	  with	  the	  word	  
“understand”	  are	  o`en	  especially	  good	  
opportuniDes	  to	  connect	  the	  pracDces	  to	  the	  
content.	  Students	  who	  lack	  understanding	  of	  a	  
topic	  may	  rely	  on	  procedures	  too	  heavily.”



\



An	  important	  feature	  of	  the	  Singapore	  
curriculum	  is	  its	  emphasis	  on	  visualizaBon	  
as	  a	  major	  strategy	  for	  developing	  
understanding	  and	  problem	  solving.	  

One	  oGen	  hears	  teachers	  there	  saying:	  
“Can	  You	  see	  it?”
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When you  read the number -5, what images do  
you have?

Location on a number line 5 units to the left or 
5units below 0. 
The integer between -4 and -6 
The action of removing 5 from a set 
The action of moving left or down 5 units 
The additive inverse of 5, the number when    
added to +5 = 0



Less than 40% of of 12-13 year olds were able to 
subtract integers 
       Garladdo (1995)

More than 25% of 12-13 year olds can’t add a 
positive and negative number 
       Kloosterman (2012)

50% of 12-13 year olds can’t divide integers 
correctly. 
       Kloosterman (2012)



When you  see the division of a fraction, what 
mental image do you have?

How can students develop an understanding of 
why the division of a fraction by a fraction is  
solved by multiplying by the reciprocal?
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Greater than one or less than one? 

1 ÷ 2/3 
3/4 ÷ 1/8 
3/4 ÷ 7/8 
3/4 ÷ 2/3 
2/3 ÷ 3/4 
4/13 ÷ 2/7 



Visualize	  whole	  number	  divided	  by	  a	  unit	  
fracBon

How many fourths in 1 whole? In 2? 2 ÷ 1/4 = 2 x 4
How many fourths in 6 wholes? In 20?
If you know one whole, how can you find the number  
in any number of wholes ? n ÷ 1/4 = n x 4

#wholes	  x	  4	  =	  number	  of	  fourths



How	  many	  2/3	  in	  1	  whole?

How	  many	  2/3	  in	  2	  wholes?

Now	  how	  many	  2/3	  in	  1	  whole?	  Half	  of	  3	  or	  3/2

So	  if	  we	  know	  how	  many	  in	  1,	  how	  can	  we	  
find	  	  how	  many	  2/3	  in	  5	  wholes?

Visualize	  a	  whole	  number	  	  
divided	  by	  a	  proper	  fracBon

5	  x	  3/2	  =	  5÷	  2/3	  
7	  x	  3/2	  =	  7	  ÷	  2/3



Mine is not 
to reason 
why…



 

Visualize	  a	  larger	  proper	  fracBon	  
divided	  by	  a	  smaller	  unit	  fracBon

Plank

1/10 Ten	  tenths	  in	  5/5,	  so	  
4/5	  x	  10	  in	  4/5	  of	  a	  yard



 

Visualize	  larger	  proper	  fracBon	  divided	  
by	  a	  smaller	  proper	  fracBon



Visualize	  larger	  proper	  fracBon	  divided	  
by	  a	  smaller	  proper	  fracBon

3/10

How	  many	  3/10	  in	  1?

How	  many	  3/10	  in	  4/5?
10/3

4/5	  x	  10/3

How	  many	  3/10	  in	  4/5	  	  
of	  a	  quart



1/2	  ÷	  1/4

1/2 4	  fourths	  in	  1,	  so	  1/2	  x	  4	  
in	  1/2	  of	  a	  whole

Visualize	  larger	  fracBon	  divided	  
by	  a	  smaller	  fracBon



1/4	  ÷	  1/2

Two	  halves	  in	  1,	  so	  1/4	  
Dmes	  2	  =	  1/2	  in	  a	  
quarter

1/2

Visualize	  smaller	  fracBon	  divided	  
by	  a	  larger	  fracBon



2/3	  ÷	  3/4

Visualize larger fraction into smaller

How	  many	  3/4	  in	  1,	  	  
(4/3)	  
	  so	  2/3	  x	  4/3	  =	  2/3÷	  
3/4	  =	  8/9	  

3/4



If	  Barclay	  swims	  2/3	  of	  a	  mile	  in	  3/4	  of	  an	  hour,	  how	  far	  can	  he	  
swim	  in	  one	  hour	  at	  that	  same	  rate?	  

ParDDve	  Division	  of	  fracDons



• Why visualization?
•Lilian’s	  	  present	  age	  is	  2/3	  Dmes	  May’s	  age.	  
•a)	  Find	  the	  raDo	  of	  Mays	  age	  to	  Lilian’s	  age.	  	  
•b)	  How	  many	  Dmes	  the	  total	  age	  of	  the	  two	  girls	  
is	  Lilian’s	  age?	  
•c)	  Their	  combined	  age	  is	  25	  years.	  Find	  the	  age	  of	  

Lilian

May

25

= 25 Lilian is 10 and May is 155
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w
Grade	  6

Concrete

Pictorial

Abstract

Developing visualization



Model	  For	  RaBo

Apple

Orange

630	  ml

7	  units	  equals	  630	  ml	  
1	  unit	  equals	  90	  
4	  x	  90ml	  =	  360ml	  =	  apple	  juice



15

15

Elinor is  15
Mother will be 55

From fractions to ratio



• The	  raDo	  of	  the	  number	  of	  beads	  Karen	  had	  to	  #	  of	  beads	  Patricia	  
had	  was	  2:5.	  A`er	  Patricia	  bought	  another	  75	  beads,	  the	  raDo	  
became	  4:15	  How	  many	  beads	  did	  each	  girl	  have	  at	  first?

Type Type 

Type Type Type Type Type 

75

75 ÷ 5 = 15

 = 15

Karen = 60 
Patricia had 150

Karen

Pat

Ratio problems



Visualization so students can do independent 
practice



Visualize ratio

Mike

Nick

$120

$60

=	  30



	  	  Percents:	  Given	  a	  quanDty	  and	  its	  percent,	  find	  the	  whole
1.	  Ana	  has	  8%	  of	  her	  CD	  collecDon	  in	  a	  box.	  If	  there	  are	  96	  CDs	  in	  the	  box,	  	  
how	  many	  CDs	  are	  in	  Ana’s	  whole	  collecDon?

96	  CDs	  (8%)

Whole	  bar	  is	  100%	  
8	  %	  =	  96	  
1%	  =	  96÷8	  =	  12	  
100%	  =	  100	  x	  12	  =	  1200

2.	  	  	  	  250%	  of	  what	  number	  is	  60?



175

1	  h

3	  h

unit	  rate

3	  x	  175	  =	  525	  km

Visualize rates
A	  racing	  car	  can	  travel	  at	  a	  speed	  of	  175	  km	  per	  hour.	  

How	  far	  can	  the	  racing	  car	  travel	  in	  3	  hours?



or	  method	  2:	  

Distance	  =	  Rate	  x	  Time	  
Distance	  =	  175	  km/hour	  x	  3	  hours	  =	  525	  km

When you use this method, can you 
visualize?

	  D

	  R 	  T



Thinking,	  Fast	  and	  Slow

MathemaDcs	  is	  an	  excellent	  medium	  
for	  “slow	  thinking.”

Car	  travels	  at	  60	  mph	  for	  two	  hours.	  On	  
the	  return	  trip,	  there	  is	  a	  snowstorm	  
and	  the	  car	  travels	  at	  40	  mph	  the	  
whole	  way.	  What	  is	  the	  average	  mph	  
for	  the	  whole	  trip?



From ratios to rates



Visualization: connecting image to 
the algorithm

Solution

Method 1 
Visual

Method 2 
Algorithm Method 3 

Algorithm



5	  +	  -‐2

Algorithm:	  
Opposite	  signs,	  subtract	  absolute	  value	  
and	  use	  sign	  of	  larger	  value.

Visualize	  addiDon	  of	  integers



5	  -‐	  (-‐2)

Algorithm:	  
Change	  the	  sign.

Visualize	  subtracDon	  integers

means	  how	  far	  is	  it	  from	  -‐2	  to	  +5

5	  -‐2	  =	  3

- 5	  -‐	  (-‐2	  )=	  —3
- 5	  -‐2	  =	  -‐7

5	  -‐	  (-‐2)	  =	  7



Preparing	  for	  SOL	  Assessments	  
7th Grade



Preparing	  for	  CCSS	  Assessments	  

7th Grade



Concrete to Pictorial to Abstract-
Integer Addition



Prior to middle school, students 
represent word problems with bars

• The sum of two numbers is 96. The 
smaller number is 1/3 the size of the 
larger number. What is the smaller 
number 

z
 96

96÷ 4 = 24 
3 x 24 = 72

The smaller 
number is 24

S#

L#



Visualize word problems with 
unknowns

• The sum of two numbers is 96. The 
smaller number is 1/3 the size of the 
larger number. What is the smaller 
number 

z
 96S#

L#

X

X X X

4 X = 96 
x = 96/4



There	  are	  550	  people	  at	  the	  tournament.	  1/3	  of	  the	  adults	  
and	  1/5	  of	  the	  children	  wear	  jerseys	  .The	  number	  of	  adult	  
and	  children	  not	  wearing	  jerseys	  are	  equal.	  How	  many	  
children	  do	  not	  wear	  jersey?  

Adults

Children

Does this picture make sense, the green are the people wearing jerseys. Notice that 
the 4/5s of children and 2/3 of adults must be the same size. 

} = 550

4 parts of the children equal 2 parts of the adults. 
mmm so we can make the fifths the unit

11 units = 550, 1 unit = 50 so 4 units of children don’t wear jerseys or 
200 children. Check your answer.



Visualizing variable expressions and 
equations
Caleb is x years old. His sister is ten years older.   
She is y years old. Write an equation that relates  
their two ages. 

Caleb   
(x years old)

10

Sister (x + 10)

y = x + 10



Visualizing variable expressions  
x

5

2x + 5  
x

2x - 5
 -5 y

  
x

 -10

y = x - 10



Visualize: Distributive property

X

3 (2x + 4)

X 1 1 1 1

X X 1 1 1 1

X X 1 1 1 1

=

X X

X

X

X

X

+

1 1 1 1

1 1 1 1

1 1 1 1

6x + 12



• Visualize word problems

-‐35



• Teach to mastery and proficiency

x	  +	  2/5x	  =	  -‐35	  
7/5	  x	  =	  -‐35	  
divide	  both	  sides	  by	  7/5	  
x	  =	  -‐25	  	  	  2/5	  (-‐	  25)	  =	  -‐10





Solve algebraically, 
first with elimination, 
then with 
substitution

x + y = 8 

x + 2y = 10

X Y

X Y Y

8

10

 (x + 2 y) - (x + y) = 10 -8 = 2



Trajectory	  Algebra	  8th	  Grade

X YX Y Y

X Y Y Y YY Y

?

If	  we	  double	  the	  bovom	  
equaDon,	  we	  will	  have	  2	  x	  and	  
3	  y	  to	  subtract

2x	  +	  3y	  =7	  
x	  +	  6y	  =	  8

X YX Y Y

X X

7

8

Y Y Y Y Y Y Y Y Y Y Y Y

16

16 - 7 = 9 y = 1, x = 2



Area	  of	  shaded	  area

Visualization: spatial relationships



Area	  of	  shaded	  area

Visualization: Spatial relationships



Visualization: spatial relationships



•The	  Power	  of	  visualizaBon	  

• To	  understand	  the	  problem:	  see	  relaDonships	  

• To	  simplify	  the	  problem	  

• To	  see	  connecDons	  to	  a	  related	  problem	  

• To	  cater	  to	  individual	  learning	  styles	  

• As	  a	  subsDtute	  for	  computaDon	  

• As	  a	  tool	  to	  check	  the	  soluDon	  

• To	  transform	  the	  problem	  into	  a	  mathemaDcal	  form	  



	  	  	  	  VisualizaBon:	  Enabling	  students	  to	  
persevere	  	  &	  have	  entry	  points

Do	  you	  think	  
	  a	  bar	  model	  
will	  help?
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