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Triple Play: From De Morgan to Stirling to
Euler to Maclaurin to Stirling




Recent Historical Research

| recently obtained an1838 copy of
Augustus De Morgan’s Essay on
Probabilities and on their Application to
Life Contingencies and Insurance Offices
to add to my extensive antiguarian math
book collection.

* My wife regularly threatens me that the
collection, accumulated over 45 years,
could be sold to pay off our current
mortgage.



http://www.abebooks.com/servlet/BookDetailsPL?bi=3674815916&searchurl=an=De+Morgan&bi=0&bx=off&ds=30&kn=Probability&recentlyadded=all&sortby=17&sts=t&x=0&y=0&yrh=1838&yrl=1838�
http://www.abebooks.com/servlet/BookDetailsPL?bi=3674815916&searchurl=an=De+Morgan&bi=0&bx=off&ds=30&kn=Probability&recentlyadded=all&sortby=17&sts=t&x=0&y=0&yrh=1838&yrl=1838�
http://www.abebooks.com/servlet/BookDetailsPL?bi=3674815916&searchurl=an=De+Morgan&bi=0&bx=off&ds=30&kn=Probability&recentlyadded=all&sortby=17&sts=t&x=0&y=0&yrh=1838&yrl=1838�
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Augustus DeMorgan

e Considered the BEST math teacher of the
19t Century

 Known primarily for his work on Symbolic
Logic and Mathematics History

 Did significant work in Calculus.



Historical Research

» Factorials of whole numbers play an important
role in Probabillity Theory, and were difficult to
compute in the 19th Century for large whole
numbers.

* Therefore, De Morgan introduces the following
algorithm (pp. 15-16) to approximate n!, where n
IS a whole number.

 Note that [n] iIn De Morgan’s notation means n
factorial (n!).



Ruce.—To find very nearly the value of s given
number], from the logarithm of that number, subtract
4849045, and multply the difference by the given
number, for & firs step, Again, to the Jogarithm of the
eiven numbe: add 7081790, and take half the sum, for
o econd step,  Add together the results of the first and



second steps, and the sum is nearly the logarithm of the
product of all numbers up to the given number inclusive.
For still greater exactness, add to the final result its ali-
quot part, whose divisor is 12 times the given number.
ExamprLE.—What is [80] or 1 X2 X3 X...... X290

X 30°¢?

log. SO 1-4771218 “ 1-4771213
4342945 7981799
Subtract 1-0428268 2)2-2753012 Add.

S0 .-

1-1376506 Second step.

Multiply ;l -284804 First step. _
1-187651 Result of second step.

832-422455 log. of result.

The result has, therefore, 33 places of figures, of
which the first six are (nearly) 264,518 ; or, if this be
increased by its 360th (12 times 80) part, or about
735, the result is 265,253, followed by 27 ciphers; or

the approximate resultis —

265253000000000000000000000000000

The true result is —
265252859812191058636308480000000
and the error is not so much of the whole, as one part

out of 500,000.
In this way, we are able to do with more than

sufficient nearness, and in a few minutes, what it
would take days to arrive at by the common method,

and with much greater risk of error.



Historical Research

| wondered why De Morgan’s algorithm for n! worked,
and was so accurate.

That led me to an Intermediate Algebra investigation of
the algorithm, which led to Stirling’s Formula.

| also wondered why Stirling’s Formula so closely
approximated n!.

That led to the Gamma Function (n!), a proof by
Mathematical Induction of the Gamma Function for
whole numbers, & a proof of Stirling’s Formula using
Multivariable Calculus, and Maclaurin Series.

In the process, | learned some Mathematics History | can
use in the classroom and | discovered some interesting
enrichment exercises for secondary and lower division
college mathematics.



Historical Research

o Stirling’s approximation of n! (n a
whole number) was discovered by
James Stirling (1692-1770), a
Scottish Mathematician. Stirling’s
approximation states that

n!~+/2nz (ﬂjn

e



De Morgan’s Algorithm

Referring to De Morgan’s algorithm for n!,
and noting that:

4342945 |s an approximation of log e,
7981799 is an approximation of log2r;
we have:



1.

De Morgan’s Algorithm

Take the log of the number, and subtract

4342945 log n —log e :'09(5]

Multiply by n: n log(:) ='°9 [2)
Take log n and add .7981799 =
log n + log 2~ =log 2n~
L og2nz = logy2nz
Take half of the latter result: 092" =logv2nz



De Morgan’s Algorithm

5. Add the results of the 2" and 4™ steps:
6. Iog(%j +log/2nz = log vz (2]

But according to DeMorgan,
this an approximation of the

log n!, so n!~@(ﬂj
e

which is Stirling’s Formula!



De Morgan to Stirling

This would be a nice enrichment
exercise for Intermediate Algebra or
College Algebra students.

Next, | wondered why Stirling’s Formula
approximated n!



From Stirling to Euler and the
Gamma Function

« The Gamma function (valid for complex
numbers with positive real parts, partially
due to Euler) states for n a whole number:

n!= j Xx"e *dx
0



Leonhard Euler
1707-1783

* Most prolific Mathematician of all time




Proving the Gamma Function=n!
for whole numbers

| wanted to see If | could prove that the
Gamma Function resulted in n! for whole
numbers using mathematical induction.

Mathematical induction was introduced by
Augustus DeMorgan an artlcle In the
Cabinet Cyclopedia. '



Inductive Proof

 Verify It is true for n=0. 0! =1 and
* L0 A—X X
joxe dx Le ax - 1

A nice exercise for a Calculus 2 class



Inductive Proof

Assume k! = J;O wka *dx



Inductive Proof
 Then (k+1)! should equal

jo Xk+le—XdX

-Using Integration by Parts with u= x**

and dV — e_xdx we get



Inductive Proof

0

J'kaﬂe—xdx :—Xk+le_x‘ +(k+1)_[Ooox"e‘xdx=0+(k+1)k!:(k+1)!
0 0

where—X“"¢”|, =0 by L’'Hospital’'s Rule



Stirling’s Formula to the Gamma
Function

| wanted to prove that Stirling’s formula was an
approximation of the Gamma Function, and thus
an approximation of n! for whole numbers.

e That led me to establish a lemma using Fubini’s
Theorem and polar substitution (good
Multivariable Calculus enrichment) that | needed
before | established that Stirling’s formula
approximated the Gamma Function.



Lemma proved with Multivariable
Calculus Technigues

Jemdx - fong

Using symmetry, Fubini’'s Theorem,
and Polar Substitution

Note: Emalil me at skolpas@dccc.edu
and I'll send you the complete article.
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Triple Play: From De Morgan to Stirling to
Euler to Maclaurin to Stirling

Sid Kolpas, Delaware County CC



From the Gamma Function (Euler)
to Maclaurin (which leads us back

to Stirling)

My goal was now to show that Stirling’s
Formula is an approximation of n!, and
therefore an approximation of the Gamma
Function. To establish this, | did the

following:



The Gamma Function
e Nl = ]Ox”e‘xdx

by the Gamma Function where n is a whole
number. Since | want an approximation of the
Gamma Function which will lead to Stirling’s
Formula, | tried a Maclaurin Series
Approximation.



Proof that Stirling’s Formula
approximates the Gamma Function

e Letu=(x-n)orx=(u+n). Also du = dx.
Substituting, we get

jw[n[EJrlD e "y = _[ n" (E+1j e e "du :(Ej j(£+1j e "du
-l LAY e) °\n

Look at In(ﬂuj _ n|n(5+1j

n q
The first two terms of the Maclaurin Series for

m(%-l-lj p— (%—%j (—n<USn)and n(%—zu—nzz]: (U—%j



Therefore

\'" ‘u )
=nin| —+1

J \n

Uz ) ( u?)
~|=|U and

2n” )\ 2n,




Proof that Stirling’s Formula
approximates the Gamma Function

o Substituting the Maclaurin Series
approximation back into

[ (o[ £ea] e for (Lo feremau=(2] [[ 41 e

as N — oo



Proof that Stirling’s Formula
approximates the Gamma Function

which by the lemma Is

(2

€

which takes us back to Stirling’s Formula.

This would be a good enrichment exercise
for Calculus Il students.



How good of an estimate of n! Is
Stirling’s Formula?

e AS [l —> 00O

how closely does Stirling’s Formula
approximate n!?

One way to look at this Is to look at

lim V()

N—»00
n!




How good of an estimate of n! Is
Stirling’s Formula?
 Because of n!, it would be impossible to

apply L’Hospital’'s Rule. However, using
Maple based software,

lim, ("] =1

N—o0

n!

Indicating that as n increases,
Stirling’s Formula becomes n!.



e This would be a good enrichment exercise
for Calculus 2 students when learning
L'Hospital’s Rule.



Conclusion
of my historical research

e | was interested in reading De Morgan’s work on
probability (a first edition presentation copy | just
added without my wife’'s knowledge to my
antiquarian math book collection) to get an
historical perspective on the subject.

|t was gratifying that | ended up developing
enrichment exercises for classes from
Intermediate Algebra through Multivariable
Calculus, and learned more Mathematics History
along the way that can be used in the secondary
and college classroom.



James Stirling

e Born: May 1692 in Garden (near
Stirling), Scotland
Died: 5 Dec 1770 in Edinburgh,
Scotland

* Published his most important work
Methodus Differentialis in 1730. This book
IS a treatise on infinite series, summation,
interpolation and quadrature.



	Dr. Sid Kolpas�Assistant Professor of Mathematics�Delaware County C.C.�Media, PA
	Slide Number 2
	Recent Historical Research
	Augustus DeMorgan�1806-1871�DeMorgan’s Laws, Mathematical Induction
	Augustus DeMorgan
	Historical Research
	  
	`
	Historical Research
	Historical Research
	De Morgan’s Algorithm
	De Morgan’s Algorithm
	De Morgan’s Algorithm 
	De Morgan to Stirling
	From Stirling to Euler and the Gamma Function 
	Leonhard Euler�1707-1783
	Proving the Gamma Function= n! for whole numbers
	  
	Inductive Proof
	Using Integration by Parts with u=
	Inductive Proof
	Stirling’s Formula to the Gamma Function
	Lemma proved with Multivariable Calculus Techniques
	Sept. 2011 MathAMATYC Educator
	Slide Number 25
	From the Gamma Function (Euler) to Maclaurin (which leads us back to Stirling)
	The Gamma Function
	Proof that Stirling’s Formula approximates the Gamma Function
	Therefore
	Proof that Stirling’s Formula approximates the Gamma Function
	Proof that Stirling’s Formula approximates the Gamma Function
	How good of an estimate of n! is Stirling’s Formula?
	How good of an estimate of n! is Stirling’s Formula?
	Slide Number 34
	Conclusion�of my historical research
	James Stirling

