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Algebra	
  Wasn’t	
  Always	
  about	
  Symbol	
  Manipula9on	
  

(6–12)	
  Session	
  	
  
Symbols	
  have	
  only	
  been	
  in	
  common	
  use	
  for	
  300	
  years.	
  For	
  5,000	
  years	
  

Babylonians,	
  Arabs,	
  and	
  others	
  have	
  thought	
  algebraically	
  and	
  represented	
  their	
  
thinking	
  numerically,	
  geometrically,	
  and	
  verbally.	
  Come	
  look	
  at	
  this	
  history	
  and	
  

find	
  clues	
  about	
  how	
  humans	
  learned	
  to	
  think	
  algebraically,	
  which	
  can	
  reflect	
  how	
  
our	
  students	
  learn	
  the	
  same	
  thing.	
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The	
  area	
  of	
  a	
  
square,	
  	
  
added	
  to	
  the	
  side	
  
of	
  the	
  square,	
  
comes	
  to	
  .75.	
  	
  	
  
	
  
What	
  is	
  the	
  side	
  
of	
  the	
  square?	
  

Here’s	
  a	
  famous	
  Algebra	
  problem	
  found	
  on	
  a	
  Babylonian	
  Clay	
  Tablet:	
  
	
  



Problem	
  48	
  from	
  the	
  Papyrus:	
  

An	
  Octagon	
  is	
  	
  	
  inscribed	
  in	
  a	
  square	
  of	
  side	
  9.	
  	
  
The	
  problem	
  isn’t	
  overtly	
  stated,	
  but	
  it’s	
  thought	
  
that	
  the	
  author	
  was	
  trying	
  to	
  find	
  the	
  area	
  of	
  a	
  
circle	
  or	
  radius	
  4.5	
  by	
  approxima[ng	
  that	
  circle	
  
with	
  the	
  octagon.	
  	
  (In	
  Problem	
  50,	
  the	
  formula	
  	
  
Is	
  developed	
  to	
  find	
  the	
  area	
  of	
  a	
  circle,	
  
A	
  pre\y	
  decent	
  approxima[on	
  of	
  pi,	
  arrived	
  at	
  
geometrically.)	
  

In	
  problem	
  48,	
  there	
  is	
  no	
  problem	
  statement,	
  	
  
But	
  the	
  	
  scribe	
  has	
  made	
  the	
  nota[ons	
  	
  
8x8=64 and 9x9=81. 
 



The	
  author	
  is	
  trying	
  to	
  get	
  to	
  the	
  constant,	
  
so	
  that	
  it	
  can	
  be	
  applied	
  to	
  a	
  formula	
  to	
  be	
  	
  
used	
  in	
  future	
  calcula[ons.	
  	
  There	
  are	
  different	
  ideas	
  
about	
  how	
  this	
  value	
  was	
  found.	
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Or	
  perhaps	
  the	
  author	
  used	
  2	
  sets	
  of	
  triangles,	
  
two	
  (3	
  x	
  3)’s	
  and	
  two	
  (2	
  x	
  4)’s	
  

(given	
  the	
  nota[ons,	
  8x8=64 and 9x9=8  
this	
  may	
  make	
  more	
  sense…)	
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Pythagoras!  What a guy!


•  Felt	
  that	
  “everything	
  is	
  number”	
  and	
  that	
  
number	
  meant	
  a	
  discrete,	
  dividable	
  amount.	
  

•  Numbers	
  could	
  best	
  be	
  represented	
  as	
  piles	
  of	
  
stones	
  

•  If	
  this	
  is	
  “one”	
  
•  Then	
  this	
  is	
  “two”	
  
	
  
•  If	
  this	
  is	
  “one,”	
  then	
  this	
  is	
  one-­‐	
  half	
  

•  But	
  here	
  is	
  a	
  problem-­‐	
  in	
  the	
  2x2	
  area	
  below,	
  
how	
  to	
  represent	
  the	
  diagonal?	
  



Here	
  is	
  where	
  a	
  great	
  mathema[cal	
  tradi[on	
  
has	
  a	
  quasi	
  formal	
  beginning.	
  

If	
  the	
  numbers	
  you	
  have	
  can’t	
  solve	
  the	
  problem,	
  invent	
  some	
  
new	
  ones….	
  
Consider	
  the	
  square	
  of	
  side	
  1.	
  
	
  
	
  
Pythagoras	
  knows	
  that	
  the	
  diagonal	
  of	
  this	
  	
  
square	
  should	
  be	
  the	
  root	
  of	
  2,	
  but	
  there	
  is	
  
No	
  way	
  to	
  represent	
  this	
  as	
  a	
  quan[ty	
  of	
  stones.	
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I	
  can	
  put	
  2	
  “one’s”	
  together	
  to	
  make	
  a	
  “two.”	
  	
  	
  
But	
  no	
  ra[onal	
  number	
  of	
  “ones”	
  will	
  work	
  together	
  to	
  make	
  root	
  (2).	
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Once	
  I	
  have	
  segments	
  of	
  length	
  1	
  and	
  length	
  2,	
  I	
  can	
  construct	
  the	
  Geometric	
  mean	
  
between	
  1	
  &	
  2,	
  which	
  has	
  a	
  length	
  of	
  root	
  2.	
  	
  That	
  length	
  does	
  cut	
  a	
  diagonal	
  across	
  the	
  
square	
  of	
  side	
  1;	
  but	
  we	
  have	
  had	
  to	
  see	
  numbers	
  as	
  lengths	
  of	
  rope	
  rather	
  than	
  piles	
  of	
  
stones	
  in	
  order	
  to	
  solve	
  this	
  problem.	
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•  Pre-­‐Greeks,	
  problem-­‐solving	
  was	
  centered	
  on	
  solving	
  par[cular	
  
problems,	
  by	
  using	
  an	
  established	
  formula,	
  or	
  a	
  varia[on	
  of	
  
“Guess,	
  Check	
  &	
  Revise,”	
  including	
  the	
  Egyp[an	
  approach	
  to	
  
solving	
  simultaneous	
  linear	
  equa[ons,	
  called	
  “the	
  Method	
  of	
  
False	
  Posi[on.”	
  	
  Representa[ons	
  were	
  numeric	
  and/or	
  
Geometric,	
  and	
  one	
  representa[on	
  could	
  verify	
  the	
  other.	
  

•  The	
  Greeks	
  used	
  Roman	
  Numerals,	
  so	
  numerical	
  representa[ons	
  
were	
  excrucia[ng!	
  	
  They	
  tended	
  to	
  see	
  everything	
  
Geometrically,	
  and	
  wanted	
  absolute	
  certainty.	
  	
  Numbers	
  were	
  
lengths	
  of	
  segments,	
  and	
  Elements	
  is	
  largely	
  concerned	
  with	
  
number	
  theory,	
  presented	
  en[rely	
  from	
  a	
  Geometric	
  viewpoint.	
  	
  	
  

•  To	
  the	
  Greeks,	
  problem	
  solving	
  was	
  interes[ng,	
  but	
  Problem	
  
Proving/	
  Problem	
  Categorizing,	
  and	
  sejng	
  up	
  a	
  system	
  of	
  
numbers	
  that	
  would	
  include	
  all	
  possible	
  solu[ons	
  was	
  more	
  
important.	
  

•  Once	
  the	
  number	
  system	
  (Natural,	
  Ra[onal	
  and	
  Irra[onal	
  
Numbers	
  –	
  s[ll	
  no	
  zero!)	
  had	
  been	
  se\led,	
  interest	
  in	
  types	
  of	
  
problems	
  increased.	
  	
  



Enter	
  Diophantus	
  &	
  Arithme;ca	
  
•  Diophantus	
  lived	
  around	
  500	
  years	
  aler	
  

Euclid.	
  	
  There	
  are	
  10	
  Books	
  of	
  Arithme;ca,	
  
and	
  they	
  were	
  very	
  popular	
  with	
  other	
  
Greeks	
  (Hypa[a	
  worked	
  on	
  some	
  
Diophan[ne	
  problems)	
  and	
  with	
  the	
  Arab	
  
and	
  Persian	
  mathema[cians	
  at	
  the	
  House	
  of	
  
Wisdom.	
  	
  

•  Diophantus	
  used	
  some	
  symbols	
  in	
  his	
  work,	
  
but	
  they	
  are	
  more	
  like	
  abbrevia[ons	
  than	
  
what	
  we	
  use	
  currently.	
  	
  	
  

•  He	
  dealt	
  with	
  powers	
  higher	
  than	
  the	
  third-­‐	
  
this	
  was	
  new.	
  

•  The	
  solu[ons	
  to	
  Diophan[ne	
  Equa[ons	
  are	
  
Natural	
  or	
  Ra[onal	
  Numbers.	
  	
  

•  He	
  offers	
  one	
  solu[on,	
  not	
  generalized,	
  and	
  
does	
  not	
  prove	
  his	
  results.	
  



In	
  India,	
  the	
  Hindus	
  were	
  also	
  thinking	
  
about	
  Algebraic	
  Problems	
  

•  They	
  made	
  progress	
  in	
  algebra	
  as	
  well	
  as	
  arithme[c.	
  They	
  
developed	
  some	
  symbolism	
  which,	
  though	
  not	
  extensive,	
  
was	
  enough	
  to	
  classify	
  Hindu	
  algebra	
  as	
  almost	
  symbolic	
  
and	
  certainly	
  more	
  so	
  than	
  the	
  syncopated	
  algebra	
  of	
  
Diophantus.	
  Only	
  the	
  steps	
  in	
  the	
  solu[ons	
  of	
  problems	
  
were	
  stated;	
  no	
  reasons	
  or	
  proofs	
  accompanied	
  them.	
  

•  The	
  Hindus	
  recognized	
  that	
  quadra[c	
  equa[ons	
  have	
  two	
  roots,	
  and	
  
included	
  nega[ve	
  as	
  well	
  as	
  irra[onal	
  roots.	
  They	
  could	
  not,	
  
however,	
  solve	
  all	
  quadra[cs	
  since	
  they	
  did	
  not	
  recognize	
  square	
  
roots	
  of	
  nega[ve	
  numbers	
  as	
  numbers.	
  In	
  indeterminate	
  equa[ons	
  
the	
  Hindus	
  advanced	
  beyond	
  Diophantus.	
  Aryabhata	
  (b.	
  476)	
  
obtained	
  whole	
  number	
  solu[ons	
  to	
  ax	
  ±	
  by	
  =	
  c	
  by	
  a	
  method	
  
equivalent	
  to	
  the	
  modern	
  method.	
  They	
  also	
  considered	
  
indeterminate	
  quadra[c	
  equa[ons.	
  

	
  
h\p://www.ucs.louisiana.edu/~sxw8045/history.htm	
  

Bramagupta	
  





Among	
  the	
  faculty:	
  	
  Mohammed	
  ibn-­‐Musa	
  al-­‐Khwarizimi	
  	
  
(d.	
  before	
  850)	
  

•  Concerning	
  the	
  Hindu	
  Art	
  of	
  Reckoning-­‐	
  based	
  on	
  Bhramagupta,	
  he	
  
uses	
  the	
  Indian	
  system	
  of	
  numera[on	
  and	
  is	
  therefore	
  responsible	
  for	
  
the	
  mistaken	
  impression	
  that	
  our	
  current	
  system	
  of	
  numerals	
  is	
  Arabic	
  
in	
  origin.	
  	
  These	
  numerals	
  were	
  known	
  by	
  the	
  mispronuncia[on	
  of	
  al-­‐
Khwarizimi’s	
  name-­‐	
  al-­‐gorisme,	
  which	
  is	
  further	
  perverted	
  into	
  
algorithm,	
  which	
  now	
  means	
  a	
  rule	
  for	
  reckoning.	
  

–  Al-­‐iabr	
  wa’	
  muqābalah-­‐	
  the	
  origin	
  of	
  Algebra,	
  and	
  this	
  is	
  the	
  book	
  that	
  
eventually	
  teaches	
  Europeans	
  about	
  representa[ons	
  of	
  rela[onships	
  

between	
  variables.	
  
»  Quadra[cs	
  organized-­‐	
  but	
  zero	
  is	
  not	
  recognized	
  as	
  a	
  root	
  

»  the	
  approach	
  is	
  Geometric	
  
»  much	
  synthesis	
  between	
  Greek,	
  Indian	
  and	
  Arabian	
  understanding	
  

»  Opera[ons	
  on	
  binomial	
  expressions	
  
»  Rules	
  for	
  opera[ng	
  on	
  signed	
  numbers	
  

»  This	
  book	
  did	
  for	
  Algebra	
  what	
  The	
  Elements	
  did	
  for	
  Geometry	
  
–  He’s	
  the	
  REAL	
  “Father	
  of	
  Algebra!”	
  though	
  his	
  work	
  is	
  more	
  elementary	
  than	
  

Diophantus’s,	
  and	
  less	
  symbolic-­‐	
  even	
  the	
  numbers	
  are	
  wri\en	
  out	
  in	
  words.	
  
–  he	
  gives	
  praise	
  to	
  Mohammed	
  for	
  encouraging	
  him	
  to	
  study-­‐most	
  of	
  the	
  

Islamic	
  scholars	
  do	
  this,	
  and	
  therefore	
  some	
  parts	
  of	
  the	
  later	
  La[n	
  
transla[ons	
  of	
  their	
  work	
  are	
  missing.	
  



Roots	
  and	
  Squares	
  are	
  equal	
  
to	
  Numbers	
  

Squares	
  and	
  Numbers	
  are	
  
equal	
  to	
  Roots	
  

Roots	
  and	
  Numbers	
  are	
  
equal	
  to	
  Squares	
  

Al-­‐Khwarizmi	
  sorted	
  problems	
  into	
  three	
  types,	
  and	
  wrote	
  rules	
  for	
  how	
  to	
  
solve	
  each.	
  

He	
  starts	
  out	
  with	
  one	
  of	
  my	
  favorite	
  Math	
  Text	
  Lines	
  of	
  all	
  [me:	
  	
  
	
  

“When	
  I	
  considered	
  what	
  people	
  generally	
  want	
  in	
  calcula6ng,	
  I	
  found	
  that	
  
it	
  always	
  is	
  a	
  number.”	
  

	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  

•  No	
  symbols	
  were	
  used,	
  though	
  the	
  addi[on	
  of	
  workable	
  numerals	
  was	
  a	
  
huge	
  improvement.	
  

•  All	
  of	
  the	
  work	
  was	
  communicated	
  verbally.	
  
•  Because	
  there	
  had	
  been	
  no	
  need	
  for	
  them,	
  and	
  because	
  solu[ons	
  were	
  

seen	
  as	
  geometric	
  en[[es,	
  there	
  were	
  no	
  “nega[ve”	
  solu[ons.	
  
	
  
	
  
	
  
	
  



As	
  he	
  discusses	
  the	
  solu[ons	
  of	
  these	
  
problems,	
  Al-­‐Khwarizmi	
  offers	
  advice:	
  

•  “When	
  you	
  meet	
  with	
  an	
  instance	
  which	
  
refers	
  you	
  to	
  this	
  case,	
  try	
  its	
  solu[on	
  by	
  
addi[on,	
  and	
  if	
  that	
  do	
  not	
  serve,	
  then	
  
subtrac[on	
  certainly	
  will.”	
  

•  “And	
  know	
  that,	
  when	
  in	
  a	
  ques[on	
  belonging	
  
to	
  this	
  case	
  you	
  have	
  halved	
  the	
  number	
  of	
  
the	
  roots	
  and	
  mul[plied	
  the	
  moiety	
  by	
  itself,	
  if	
  
the	
  product	
  be	
  less	
  than	
  the	
  number	
  of	
  the	
  
dirhems	
  connected	
  with	
  the	
  square,	
  then	
  the	
  
instance	
  is	
  impossible;	
  but	
  if	
  the	
  product	
  be	
  to	
  
the	
  dirhems	
  by	
  themselves,	
  then	
  the	
  root	
  of	
  
the	
  square	
  is	
  equal	
  to	
  the	
  moiety	
  of	
  the	
  roots	
  
alone,	
  without	
  either	
  addi[on	
  of	
  subtrac[on.”	
  

•  Al’Khwarizimi	
  actually	
  follows	
  his	
  narra[ve	
  
with	
  a	
  geometric	
  solu[on,	
  to	
  show	
  that	
  his	
  
new	
  fangled	
  method	
  equals	
  the	
  tried	
  and	
  
trusted	
  methods	
  of	
  the	
  Greeks	
  



I	
  can’t	
  help	
  but	
  no[ce…	
  
•  That	
  Al-­‐Khwarizmi	
  has	
  worked	
  out,	
  by	
  trial	
  and	
  error,	
  a	
  series	
  of	
  

steps	
  that	
  he	
  recommends	
  his	
  reader	
  memorize	
  and	
  follow	
  in	
  
order	
  to	
  solve	
  problems,	
  that	
  he	
  has	
  carefully	
  divided	
  into	
  “types.”	
  	
  
This	
  seems	
  to	
  be	
  exactly	
  how	
  my	
  students	
  approach	
  Algebra.	
  	
  	
  

•  He’s	
  backed	
  up	
  his	
  verbal	
  reasoning	
  (which	
  is	
  new	
  to	
  him)	
  with	
  the	
  
tried	
  and	
  true	
  method	
  that	
  he	
  knows	
  (the	
  Geometry)	
  to	
  sa[sfy	
  
himself	
  of	
  the	
  validity	
  of	
  his	
  methods.	
  	
  In	
  fact,	
  the	
  newer,	
  more	
  
abstract	
  method	
  is	
  built	
  on	
  the	
  physical	
  models	
  of	
  the	
  past.	
  

•  Al-­‐Khwarizmi	
  manages	
  to	
  use	
  Algebraic	
  Thinking	
  with	
  physical	
  and	
  
numerical	
  models,	
  and	
  absolutely	
  no	
  facility	
  with	
  symbol	
  
manipula[on.	
  	
  It’s	
  only	
  much	
  later	
  in	
  the	
  history	
  of	
  mathema[cs	
  
that	
  the	
  use	
  of	
  symbols	
  evolves.	
  	
  
–  1494	
  Pacioli	
  re-­‐introduces	
  symbols,	
  though	
  they	
  are	
  not	
  as	
  efficient	
  as	
  

those	
  of	
  Diophantus	
  1200	
  years	
  ago	
  
–  Vieté	
  (1504-­‐1603)	
  introduced	
  the	
  idea	
  of	
  using	
  le\ers	
  to	
  represent	
  

constants.	
  	
  
–  As	
  late	
  as	
  1630	
  there	
  is	
  no	
  conven[on	
  about	
  the	
  use	
  of	
  symbols.	
  



Just	
  my	
  opinion	
  but…	
  
•  We	
  tend	
  to	
  look	
  at	
  Elements	
  as	
  well	
  as	
  modern	
  Geometry	
  texts	
  as	
  

though	
  the	
  progression	
  from	
  undefined	
  term	
  to	
  defini[on,	
  from	
  
axiom	
  or	
  postulate	
  to	
  theorem	
  was	
  an	
  obvious	
  and	
  natural	
  
sequence.	
  

•  We	
  forget	
  that	
  Euclid	
  had	
  the	
  benefit	
  of	
  hindsight-­‐	
  he	
  was	
  not	
  
developing	
  the	
  ideas	
  in	
  Elements	
  organically,	
  but	
  rather,	
  he	
  was	
  
pujng	
  long	
  established	
  and	
  rather	
  chao[cally	
  developed	
  ideas	
  
together	
  in	
  a	
  logical	
  sequence.	
  

•  Likewise,	
  we	
  start	
  teaching	
  Algebra	
  as	
  though	
  the	
  symbol	
  
manipula[on	
  made	
  its	
  own	
  inherent	
  sense.	
  	
  It	
  took	
  the	
  greatest	
  
mathema[cal	
  minds	
  ever	
  to	
  walk	
  the	
  planet	
  5000	
  years	
  to	
  get	
  to	
  
the	
  point	
  that	
  a	
  symbolically	
  expressed	
  rela[onship	
  made	
  any	
  
sense.	
  	
  And	
  the	
  people	
  who	
  did	
  figure	
  that	
  out	
  were	
  grown	
  adults.	
  	
  
We	
  start	
  with	
  the	
  symbols	
  and	
  with	
  younger	
  students	
  every	
  year.	
  

•  I’m	
  all	
  for	
  introducing	
  Algebraic	
  thinking	
  as	
  early	
  as	
  possible-­‐	
  but	
  in	
  
concrete,	
  developmentally	
  appropriate	
  ways.	
  	
  Geometric	
  and	
  
numerical	
  models	
  can	
  do	
  that.	
  

	
  



Of	
  course,	
  there	
  were	
  other	
  missing	
  links-­‐	
  
nega[ve	
  and	
  imaginary	
  numbers	
  needed	
  
to	
  be	
  developed	
  in	
  order	
  to	
  solve	
  other	
  

classes	
  of	
  problems	
  
•  1501-­‐1576	
  Girolamo	
  Cardano-­‐	
  quite	
  a	
  character.	
  

Cardano	
  was	
  an	
  astrologer,	
  gambler	
  (he	
  did	
  a	
  lot	
  of	
  
work	
  with	
  probability	
  and	
  combinatorics	
  as	
  well),	
  
physician,	
  and	
  a	
  rogue.	
  	
  He	
  wrote	
  a	
  book	
  called	
  Arts	
  
Magna	
  or	
  The	
  Great	
  Art-­‐	
  also	
  known	
  as	
  the	
  First	
  
Book	
  of	
  the	
  Rules	
  of	
  Algebra	
  in	
  which	
  he	
  set	
  down	
  
the	
  techniques	
  for	
  solving	
  cubics	
  and	
  quadra[cs-­‐	
  
including	
  the	
  no[on	
  that	
  all	
  cubics	
  had	
  three	
  
solu[ons	
  and	
  that	
  some	
  could	
  be	
  nega[ve,	
  irra[onal	
  
or	
  even	
  imaginary.	
  	
  Unfortunately,	
  there	
  is	
  a	
  lot	
  of	
  
evidence	
  that	
  he	
  plagiarized	
  the	
  methods.	
  

	
  
•  	
  	
  

From	
  Chapter	
  37	
  of	
  Ars	
  Magna	
  where	
  he	
  wants	
  to	
  find	
  2	
  numbers	
  
whose	
  product	
  is	
  40:	
  
	
  

“PuCng	
  aside	
  the	
  mental	
  tortures	
  involved,	
  mul9ply	
  
(5+√(-­‐15))	
  by(5-­‐√(-­‐15)),	
  making	
  25	
  –	
  (-­‐15)	
  which	
  [laNer]	
  is	
  	
  +15.	
  	
  

Hence	
  this	
  product	
  is	
  40.	
  …	
  This	
  is	
  truly	
  sophis9cated…”	
  
	
  



•  400	
  years	
  of	
  symbols	
  ÷	
  4500	
  years	
  of	
  area	
  
problems	
  ≈	
  9%	
  of	
  Algebra’s	
  History	
  devoted	
  to	
  
symbol	
  manipula9on.	
  

•  Of	
  course,	
  we	
  have	
  to	
  do	
  it-­‐	
  it’s	
  the	
  basis	
  of	
  
most	
  of	
  the	
  curriculum	
  (right	
  or	
  wrong.)	
  	
  But	
  by	
  
understanding	
  how	
  Algebra	
  developed,	
  and	
  
what	
  kinds	
  of	
  problems	
  it	
  was	
  invoked	
  to	
  solve,	
  
maybe	
  we	
  can	
  remember	
  to	
  focus	
  a	
  liNle	
  more	
  
on	
  the	
  problems	
  that	
  gave	
  rise	
  to	
  the	
  symbols	
  
we	
  cherish	
  so	
  much.	
  	
  



•  h\p://www.mathsisfun.com/algebra/add-­‐
subtract-­‐balance.html	
  

•  h\p://illumina[ons.nctm.org/
Ac[vityDetail.aspx?ID=216	
  

•  h\p://illumina[ons.nctm.org/
Ac[vityDetail.aspx?ID=127	
  

•  h\p://illumina[ons.nctm.org/
Ac[vityDetail.aspx?ID=127	
  

•  h\p://mathdl.maa.org/mathDL/46/?
pa=content&sa=viewDocument&nodeId=2591&b
odyId=2588	
  


