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Today’s Goals

• Analyze CCSS content knowledge and 
mathematical practices for middle grades 
and high school students.

• Identify high-leverage actions and 
instructional practices to help students 
meet these expectations.



High-Leverage Actions

Research-informed actions that 
produce the greatest benefits 

for your efforts.



Reactions to CCSS

Andy Isaacs, 2011



How Familiar Are You with 
CCSS-M?

Rate your knowledge
on a scale of 

6 (high) to 
1 (low)



Key Features of CCSS-M

• Focus:  Focus strongly where the 
standards focus.

• Coherence: Think across grades, and 
link to major topics 

• Rigor: In major topics, pursue 
conceptual understanding, procedural 
skill and fluency, and application



Curriculum Standards, Not 
Assessment Standards

Define, evaluate, and compare functions. 
(8.F)
1. Understand that a function is a rule that 

assigns to each input exactly one output. 
The graph of a function is the set of 
ordered pairs consisting of an input and 
the corresponding output.



Skill-algorithm understanding
from the rote application of an algorithm through the selection and comparison of 

algorithms to the invention of new algorithms (calculators and computers included)

Property-proof understanding
from the rote justification of a property through the derivation of properties to the proofs of 

new properties

Use-application understanding
from the rote application of mathematics in the real world through the use of 

mathematical models to the invention of new models

Representation-metaphor understanding
from the rote representations of mathematical ideas through the analysis of such 

representations to the invention of new representations

Vocabulary
Problem Solving

Zalman Usiskin, 2012

Dimensions of Mathematical 
Understanding in CCSS



Phil Daro, 2010



Phil Daro, 2010



Other “Butterflies”?



Key Instructional Shift

From emphasis on: 
How to get answers 

To emphasis on:
Understanding mathematics 



High-Leverage Action 1

Teach for mathematical 
understanding, not answer-

getting.



Consider This Situation:

..\..\..\Videos\RealPlayer Downloads\verizon operator gets math lesson - YouTube.flv

?



Verizon Call

• What is the caller’s issue?
• What mathematics are the Verizon employees 

able to do? What do they not understand?
• Take a moment and then share with a 

“shoulder partner”.



The Outcome



Verizon Call

• What would your middle school or high school 
students do in this situation?

• What does this have to do with CCSS?



Common Core State Standards 
for Mathematics

Two type of standards:

• Standards for Mathematical Practice

• Standards for Mathematical Content



Standards for Mathematical 
Practice

“The Standards for 
Mathematical Practice 
describe varieties of expertise 
that mathematics educators at 
all levels should seek to 
develop in their students.  
These practices rest on 
important “processes and 
proficiencies” with 
longstanding importance in 
mathematics education.”   

(CCSS, 2010)



Underlying Frameworks 

National Council of Teachers of Mathematics

5 Process Standards
• Problem Solving
• Reasoning and Proof
• Communication
• Connections
• Representations

NCTM (2000). Principles and Standards for 
School Mathematics. Reston, VA: Author.



Underlying Frameworks

Strands of Mathematical Proficiency

Strategic 
Competence

Adaptive 
Reasoning

Conceptual 
Understanding

Productive 
Disposition

Procedural 
Fluency

NRC (2001). Adding It Up. Washington, D.C.: 
National Academies Press.



• Conceptual Understanding – comprehension of 
mathematical concepts, operations, and relations

• Procedural Fluency – skill in carrying out procedures 
flexibly, accurately, efficiently, and appropriately

• Strategic Competence – ability to formulate, represent, 
and solve mathematical problems

• Adaptive Reasoning – capacity for logical thought, 
reflection, explanation, and justification

• Productive Disposition – habitual inclination to see 
mathematics as sensible, useful, and worthwhile, 
coupled with a belief in diligence and one’s own efficacy.

Strands of Mathematical Proficiency



Standards for Mathematical Practice

1. Make sense of problems and persevere in 
solving them.

2. Reason abstractly and quantitatively.
3. Construct viable arguments and critique the 

reasoning of others.
4. Model with mathematics. 
5. Use appropriate tools strategically.
6. Attend to precision.
7. Look for and make use of structure.
8. Look for and express regularity in repeated 

reasoning.





Verizon Call

• Which mathematical practices are 
needed to complete the task?

• In which mathematical practices were 
the Verizon operators lacking 
proficiency?



SMP 2: 
Reason abstractly and quantitatively

Mathematically proficient students make sense of quantities and their 
relationships in problem situations. 
They bring two complementary abilities to bear on problems involving 
quantitative relationships: 
• the ability to decontextualize—to abstract a given situation and represent it 

symbolically and manipulate the representing symbols as if they have a 
life of their own, without necessarily attending to their referents and 

• the ability to contextualize, to pause as needed during the manipulation 
process in order to probe into the referents for the symbols involved.

Quantitative reasoning entails habits of creating a coherent representation of 
the problem at hand; considering the units involved; attending to the meaning 
of quantities, not just how to compute them; and knowing and flexibly using 
different properties of operations and objects.



High-Leveral Action 2. 
Develop Students’ Proficiency in the Standards 

for Mathematical Practice
• Analyze the Standards for Mathematical 

Practice
• Use the Mathematical Practice as the primary 

vehicle for learning the Content Standards
• Provide opportunities for students to develop 

the Standards for Mathematical Practice as 
“habits of mind” (ways of thinking about 
mathematics that are rich, challenging, and 
useful) throughout the development of the 
Content Standards



Grade 6: 
Expressions and Equations

Apply and extend previous understandings of 
arithmetic to algebraic expressions.
6.EE.3. Apply the properties of operations to 

generate equivalent expressions. 
6.EE.4. Identify when two expressions are 

equivalent (i.e., when the two expressions 
name the same number regardless of which 
value is substituted into them). 



Hexagon Trains           

• Compute the perimeter for the first four trains.

• Determine the perimeter for the tenth train without 
constructing it.

• Write a description /expression that could be used to 
compute the perimeter of any train in the pattern.  

• Find as many different ways as you can to represent the 
perimeter of any train.

Train 1 Train 2 Train 3



What Mathematical Practices Did You 
Use?

1. Make sense of problems and persevere in 
solving them.

2. Reason abstractly and quantitatively.
3. Construct viable arguments and critique the 

reasoning of others.
4. Model with mathematics. 
5. Use appropriate tools strategically.
6. Attend to precision.
7. Look for and make use of structure.
8. Look for and express regularity in repeated 

reasoning.



Hexagon Trains

• Explain what each student was thinking to find the 
perimeter of the nth train. 

• Connect your explanation to the picture of the tables.
Terri:   1 + 4n + 1 
Tim:     1 + 2(2n) + 1
Jerry:   5 + 4(n – 2) + 5
Linda:   Multiply n times 6, then subtract n-1

times 2.



What Mathematical Practices Did You 
Use?

1. Make sense of problems and persevere in 
solving them.

2. Reason abstractly and quantitatively.
3. Construct viable arguments and critique the 

reasoning of others.
4. Model with mathematics. 
5. Use appropriate tools strategically.
6. Attend to precision.
7. Look for and make use of structure.
8. Look for and express regularity in repeated 

reasoning.



Grade 7: The Number System

7.NS.1. Apply and extend previous 
understandings of addition and subtraction 
to add and subtract rational numbers; 
represent addition and subtraction on a 
horizontal or vertical number line diagram.

What instructional and/or assessment 
tasks would you use?



Properties of Integer Addition and 
Subtraction

Decide if the statements below are true or false. Then, 
justify your answer mathematically; that is, explain your 
reasoning in a way that will convince someone else that you 
are correct.

1. The sum of a negative integer and a positive integer is 
always positive. 

2. The sum of two negative integers is always negative.  

3. The difference between two negative integers is always 
positive.  



Properties of Integer Addition and 
Subtraction

Ms. Lora is discussing properties of arithmetic with integers 
with students, asking them to say whether a statement is 
true or false and provide some reasoning to justify their 
conclusion. 

1. For the statement "The sum of a negative integer and a 
positive integer is always positive." Keisha says "This is 
false. The sum can be positive, like 10 + -3 = 7. But, it 
can also be negative. For example, -9 + 3 is -6." 

Is Keisha's reasoning correct?  Explain why you think so.



Properties of Integer Addition and 
Subtraction

2. For the statement "The sum of two negative integers is 
always negative." Mike says, "This is true. I tried lots of 
examples, like -3 + -2, -10 + -27, and even ones with 
big numbers, like -2,000 + -5,000. All the sums
were negative. So this must be true.”

Did Mike prove that the sum of two negative integers is 
always negative?  Explain why you think so.



Properties of Integer Addition and 
Subtraction

3. For the same statement "The sum of two negative 
integers is always negative.” Dev says, “I agree with 
Mike that the statement is true, but I don’t think giving 
examples is good enough to prove that it is always 
true. I wonder if I could use the number line to show 
that when you add two negative numbers together, the 
sum is always negative?”

Is Dev’s reasoning correct?  Explain why you think so.

How could Dev use a number line to prove that the
sum of two negative integers is always negative?



Properties of Integer Addition and 
Subtraction

Which mathematical practices are 

needed to complete this task?



Standards for Mathematical Practice

1. Make sense of problems and persevere in 
solving them.

2. Reason abstractly and quantitatively.
3. Construct viable arguments and critique the 

reasoning of others.
4. Model with mathematics. 
5. Use appropriate tools strategically.
6. Attend to precision.
7. Look for and make use of structure.
8. Look for and express regularity in repeated 

reasoning.



Engaging Students in the Standards 
for Mathematical Practice

SMP 8: Look for and express 
regularity in repeated 
reasoning.
• Notice if calculations are 

repeated
• Look both for general methods 

and for shortcuts.
• Maintain oversight of the 

process of solving a problem, 
while attending to the details.

• Continually evaluate the 
reasonableness of intermediate 
results.

SMP 3. Construct viable 
arguments and critique the 
reasoning of others 
• Make conjectures
• Justify their conclusions and 

communicate them to others
• Recognize and use 

counterexamples
• Compare the effectiveness of 

two plausible arguments  
• Listen and respond to the 

arguments of others for 
sense making and clarity



Promoting Proficiency in the 
Standards for Mathematical Practice and 

Conceptual Understanding
“Not all tasks are created equal, and 

different tasks will provoke different 
levels and kinds of student thinking.”

Stein, Smith, Henningsen, & Silver, 2000

“The level and kind of thinking in 
which students engage determines 

what they  will learn.”
Hiebert, Carpenter, Fennema, Fuson, Wearne, Murray, Oliver, & Human, 1997



Higher-Level Tasks

• Doing mathematics
– Hexagon Train Task

• Procedures with connections
– Using a 10 x 10 grid, identify the decimal 

and percent equivalents of 3/5.
– Explain how the graph of y = -3x² + 7 

compares to the graph of y = x².  Sketch the 
graph of  y = -3x² + 7.



Lower-Level Tasks

• Memorization
– What are the decimal equivalents for the fractions 

½ and ¼?
– What is sin 30°, cos 30°and tan 30°?

• Procedures without connections
– Convert the fraction 3/8 to a decimal.
– A rectangular carpet is 12 feet long and 9 feet 

wide. What is the area of the carpet in square 
feet?

– Factor  x² - 3x - 10



Research Tells Us

Learners should:
• Acquire conceptual knowledge as well as 

skills to enable them to organize their 
knowledge, transfer knowledge to new 
situations, and acquire new knowledge.

• Engage with challenging tasks that involve 
active meaning-making



Core Implementation Issue

Do all students have the opportunity to 
engage in mathematical tasks that 
promote students’ attainment of the 
mathematical practices on a regular 

basis? 



Opportunities for all students to 
engage in challenging tasks?

• Examine tasks in your instructional materials:
– Higher cognitive demand?
– Lower cognitive demand?

• Where are the challenging tasks?
• Do all students have the opportunity to grapple 

with challenging tasks?
• Examine the tasks in your assessments:

– Higher cognitive demand?
– Lower cognitive demand?



High-Leverage Action 3

Regularly incorporate high 
cognitive demand tasks into your 

instruction and assessment.



Common Core State Standards 
for Mathematics

Two type of standards:

• Standards for Mathematical Practice

• Standards for Mathematical Content



Key Advances in Content 
Grades 6 – 12 

• Ratios and Proportional Relationships
• The Number System
• Expressions and Equations
• Functions
• Modeling



Strategies for Solving 
Proportions

If 2 pounds of beans cost $5, how 
much will 15 pounds of beans 

cost?



If 2 pounds of beans cost $5, how much 
will 15 pounds of beans cost?

CCSS Ratio & Proportional Relationships Progression, 9/2011



If 2 pounds of beans cost $5, how 
much will 15 pounds of beans cost?
CCSS de-emphasizes means/extremes as 

solution method

2 15
5 x

2x = 5•15

=



CCSS RP Progression, 9/2011



Ratios & Proportional 
Relationships

Key Advances:
• Emphasize understanding unit rates associated with 

ratios.
• Expect students to represent proportional 

relationships by tables, equations, and graphs, and 
understand informally that that unit rate indicates 
the steepness of the graph of the line (informal 
introduction to slope). 

• Expect students to solve problems involving 
proportional relationships using various methods, 
such as equivalent ratios and unit rates.



Number and Operations in Base Ten

Conceptual Understanding Facilitates Skill 
Acquisition:
1. Develop conceptual understanding building 

on students’ informal knowledge
2. Develop informal strategies to solve 

problems
3. Refine informal strategies to develop fluency 

with standard procedures (algorithms)



Numbers and Operations in Base Ten

1 Use place value understanding and properties of operations to add and 
subtract.

2
Use place value understanding and properties of operations to add and 

subtract.

3
Use place value understanding and properties of operations to perform 

multi-digit arithmetic. 
A range of algorithms may be used.

4

Use place value understanding and properties of operations to perform 
multi-digit arithmetic. 

Fluently add and subtract multi-digit whole numbers using the standard 
algorithm.

5
Perform operations with multi-digit whole numbers and with decimals to 

hundredths.
Fluently multiply multi-digit whole numbers using the standard algorithm.

6

Compute fluently with multi-digit numbers and find common factors
and multiples.

Fluently add, subtract, multiply, and divide multi-digit decimals using
the standard algorithm for each operation.



What is Meant by 
“Standard Algorithm?”

“In mathematics, an algorithm is 
defined by its steps and not by the way 

those steps are recorded in writing. 
With this in mind, minor variations in 

methods of recording standard 
algorithms are acceptable.”

(Fuson & Beckmann, 2013; NBT, p13)



Multiplication Algorithms

Fuson & Beckmann, 2013, p. 25 



Multiplication Algorithms

CCSS Numbers and Operations in Base-Ten Progression, April 2011



Multiplication Algorithms

CCSS Numbers and Operations in Base-Ten Progression, April 2012



Multiplication Algorithms

CCSS Numbers and Operations in Base-Ten Progression, April 2011



“Rewrite” vs. “Simplify”

= =

=



The Number System
Key Advances:
• Algorithms: Standard multiplication algorithm; proficiency 

with standard division algorithm delayed until grade 6.
• Emphasize on number line models, e.g., absolute value 

introduced in Grade 6 with negative numbers. 
• Bi-directionality of expectations: use rational numbers to 

solve problems and create problems that can be modeled 
by particular operations. 

• Emphasis on properties, especially distributive property.
• “Rewriting” instead of “simplifying”; writing fractions in 

lowest terms not a major emphasis.



Expressions and Equations
Key Advances:
• Using variables and algebraic expressions and equations 

to describe situations and solve problems in Grade 6.
• Solve equations of the form px + q = r and use the 

distributive property in Grade 7.
• In Grade 8:

– All students work with radicals and integer exponents
– Understand connections between proportional 

relationships. lines, and linear equations.
– Analyze and solve linear equations and pairs of linear 

equations.



Functions
Key Advances:
• In Grade 8:

– Concept of function is introduced
– Explore and compare functional relationships represented 

in different ways, with emphasis on linear functions.
– Use functions to model relationships between quantities.

• Build as well as interpret functions
– Build functions that model relationships between two 

quantities
– Build new functions from existing functions



Modeling

• Practice K-12
• Content Conceptual Category HS

Standards embedded in other categories 
(★)

• Examples of models:
– Equations: Writing total cost as a product of 

unit price and number bought
– Geometric shape to represent physical object 



CCSS Modeling Cycle



Examples of Situations to be 
Modeled

• Estimating how much water and food is needed for 
emergency relief in a devastated city of 3 million people, 
and how it might be distributed.

• Planning a table tennis tournament for 7 players at a 
club with 4 tables, where each player plays against each 
other player.

• Designing the layout of the stalls in a school fair so as to 
raise as much money as possible.

• Analyzing stopping distance for a car. 
• Modeling savings account balance, bacterial colony 

growth, or investment growth.



What tasks would you use to assess 
students’ proficiency with this standard?

7.RP.3 Use proportional relationships to 
solve multistep ratio and percent 
problems. Examples: simple interest, tax, 
markups and markdowns, gratuities and 
commissions, fees, percent increase and 
decrease, percent error.



TV Sales-Part A (PARCC Grade 7)



TV Sales-Part B (PARCC Grade 7)

Part B



TV Sales-Part B (PARCC Grade 7)

Adam’s Process

T = (1)0.9p + 0.05(0.9p)

= (1 + 0.05)(0.9p)

= (1.05)(0.9p)

= (1.05)(0.9)p

Brandi’s Process

T = (1)(1.05p) – (0.10)(1.05p)

= (1 – 0.10)(1.05p)

= (0.9)(1.05p)

= (1.05)(0.9)p



Tasks Clarify Expectations

• Range of content
• Depth of knowledge
• Type of reasoning and evidence of it
• Types of applications



Tasks Clarify Expectations

PARCC
“[The prototypes] are designed to shine a light on 
important elements of the CCSS . . . “

SBAC
“The sample items and tasks illustrate the 
knowledge and skills students will be expected to 
demonstrate on the Smarter Balanced 
assessments, giving educators clear benchmarks 
to inform their instruction.”



Analyze PARCC & SBAC Prototypes

• Compare and contrast them to typical assessment 
items.

• To what extent do they:
– Assess conceptual understanding as well as procedural 

skills?
– Include higher cognitive demand tasks? Evidence? 
– Assess the Standards for Mathematical Practice? Evidence?

• What are the characteristics of tasks that assess 
conceptual understanding and/or the Standards for 
Mathematical Practice?



Analyze PARCC & SBAC 
Prototypes

View actual prototypes at:

PARCC: 
http://www.parcconline.org

SBAC: 
http://smarterbalanced.org



High-Leverage Action 4

Analyze the CCSS-M 
expectations—practices and 

content--in the original CCSS-M 
document, in the CCSS-M 

progression documents, and 
prototype assessment tasks.



[Common Core State Standards for Mathematics] 
represent a significant departure from what mathematics 
is currently taught in most classrooms and how it is 
taught. Developing teachers’ capacity to enact these 
new standards in ways that support the intended 
student learning outcomes will require considerable 
changes in mathematics instruction in our nation’s 
classrooms. Such changes are likely to occur only 
through sustained and focused professional 
development opportunities for those who teach 
mathematics. 

Sztajn, Marrongelle, & Smith, 2011



High-Leverage Action 5
Work in Collaborative Teams

• Work in grade level/course and cross-grade level/course 
teams to develop a common understanding of CCSS 
content standards

• Analyze progressions of CCSS standards across grades

• Understand and agree upon common unit goals

• Develop common unit assessments and analyze the 
results

• Develop a plan to transition from current course scope 
and sequence to CCSS scope and sequence



High-Leverage Actions to Ensure 
Your Students are CCSS-Ready

1. Teach for mathematical understanding, not answer-
getting.

2. Provide regular opportunities for students to develop 
proficiency in the Standards for Mathematical Practice.

3. Regularly incorporate high cognitive demand tasks into 
your instruction and assessment. 

4. Analyze the CCSS-M expectations—practices and 
content--in the original CCSS-M document, in the 
CCSS-M progression documents, and prototype 
assessment tasks.

5. Work in grade-level/course collaborative teams



RESOURCES



NCTM: www.nctm.org



NCTM: Illuminations



illuminations.nctm.org/Lessons.aspx



NCTM: Core Math Tools



NCTM’s High School Reasoning and 
Sense-Making Task Library (High School)

While linking the task directly with NCTM’s 
Focus in High School Mathematics: 
Reasoning and Sense Making, NCTM’s 
Principles and Standards for School 
Mathematics, and the Common Core State 
Standards, each item addresses:
• Task Design: what the task is asking students 

to do (see Task Purpose, Task Overview, 
Focus on Reasoning and Sense Making, 
Focus on Mathematical Content, Materials 
and Technology, Assessment and the Student 
Activity sheet) 

• Teaching Design: how teachers might 
facilitate reasoning and sense making (see 
Use in the Classroom) 

• Student Engagement: what student might 
actually do in the classroom (see Focus on 
Student Thinking)

http://www.nctm.org/rsmtasks



Student Explorations in Mathematics (SEM)
(Grades 5-10)

• Published in January, March, May, 
September, and November each 
year

• Each issue develops a single 
mathematical theme/concept so 
that 5th graders can understand first 
1-2 pages and HS students will be 
challenged by the last page. 

• Content and style is intended to 
interest students in the power and 
beauty of math and to introduce 
teachers to some of the challenging 
areas of math that are within the 
reach of their students. 



MTMS Highlighted Departments
http://www.nctm.org/resources/content.aspx?id=8976



MT Highlighted Departments
http://www.nctm.org/resources/content.aspx?id=8960



MT Highlighted Department:
Activities for Students



NCTM Publications



Collaborative Team Tools

Available at nctm.org



Insidemathematics.org



Insidemathematics.org



Mathematics Assessment Project (MAP)
http://map.mathshell.org.uk/materials



http://mathpractices.edc.org/



http://www.illustrativemathematics.org/



Thank You!
djbmath@comcast.net


