


CNE PROJECT

The CME Project, developed by EDC's Center for
Mathematics Education, is a new NSF-funded high
schoolyprogram, organized around the familiar
courses of algebra 1, geometry, algebra 2, and
precalculus. The CME Project provides teachers
and schools with a third alternative to the choice
between traditional texts driven by basic skill
development and more progressive texts that
have unfamiliar organizations. This program

gives teachers the option of a problem-based,
student-centered program, organized around the
mathematical themes with which teachers and
parents are familiar. Furthermore, the tremendous
success of NSF-funded middle school programs has
left a need for a high school program with simiar
rigor and pedagogy. The CME Project fills this need.

The goal of the CME Project is to help students
acquire a deep understanding of mathematics.
Therefore, the mathematics here is rigorous. We
taok great care to create lesson plans that, while
challenging, wilt capture and engage students
of alt abilities and improve their mathematical
achievement.

The Program's Approach

The organization of the CME Project provides
students the time and focus they need to develop
fundamental mathematical ways of thinking.

its primary goal is to develop in students robust
mathematical proficiency.

s The program employs innovative instructional

methods, developed over decades of classroom
experience and informed by research, that help
students master mathematical topics.

One of the core tenets of the CME Project is to
focus on devetoping students’ Habits of Mind,
or ways in which students approach and solve

mathematical challenges.

o

@

The program builds on lessons learned from
high-performing countries: develop an idea
thoroughly and then revisit it only to deepen it;
organize ideas In a way that is faithful to how
they are organized in mathematics; and reduce
clutter and extraneous toplcs,

5 1t also employs the best American models that
call for grappling with ideas and problems
as preparation for instruction, maving from
concrete problems to abstractions and general
theories, and situating mathematics in engaging
contexts.

o

The CME Project is a comprehensive curriculum
that meets the dual goals of mathematical rigor

and accessibility for a broad range of students. .

About CME

EDC's Center for Mathematics Education, led

by mathematician and teacher Al Cuoco, brings
together an edectic staff of mathematicians,
teachers, cognitive scientists, education researchers,
curriculum developers, specialists in educational
technology, and teacher educators, internationally
known for leadership across the entire range of K-16
mathematics education. We aim to help students
and teachers In this country experience the thrifl of
solving problems and building theories, understand
the history of ideas behind the evolution of
mathematical disciplines, and appreciate

the standards of rigor that are central to
mathematical culture.




1f you watch college sports on television, you may have seen this message
from the National Collegiate Athletic Association (NCAA)L

There are over 380,600 student-athletes, and just about every one of
them will go pro in something other than sports.

For practitioners of mathematics {mathletes}, a similar message could say

There are over 30,000,000 student-mathletes in this country, and
just about every vne of them will go pro in something other than

rrathematics.

So, why play sports? Why study mathematics? Simple. In either venture, the
habits you learn have value for the rest of your life. Compate these lists.

Habits of Body

Athletics

Take care of the body.
Think ahead,

Build strength,

‘Take a chance.
Develop conditioning.
Respect the rules.

Practice mental toughness.

Visualize perfection.
Plan strategies.

Have confidence.
Madel the opponent.”
Study styles.

Work as a team,

and many more...

Habits of Mind

Mathematics

Take care of the mind.
Think ahead.

Build mental agility.
Take a chance.
Develop persistence.
Respect the rules.
Practice mental discipline.
Visualize relationships.
Plan strategies.

Have confidence.
Model the problem.
Look for patterns.
Waork with others.

and many moie.,..

To get you started this year, try some of the following activities. As you
proceed (and throughout the course), think about how you are thinking.

Pay attention Lo your habits of mind!

Good habits of body will help you on and
off the court. Good habits of mind will
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NVESTIGATIO E
FOLDING THE BASIC GEOMETRIC
CONSTRUCTIONS |

As mentiozed in the historical note, Greek geometers experimented with compass nbwm mmanwﬂoamo )

anstructions over 2,000 years ago. Euclid was the first to organize geomeixy ito 2 Joplc structure in
Mun Elements, his vowr on mathematics. The seven basic Euclidean Constructions listed below make it
possible to create all of high school plane geometry, .

EUCLIDEAN CONSTRUCTIONS

To construct a perpendicular bisector of
given segment,

L
1

..H,o construct a perpendicular from a point "lo construct a perpendicular through a point
o a line. on a line, :

To construet 2 line through a given point
parallel to 2 given line.
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In these investigations you will discover how to use patty papers to perform these Euclidean
Constructions. The first two constructions are patty paper construction properties {C-1 and C-3)
you've already seen in the introductory lesson. You will discover how to do the remaining five in this
lesson: You will need to know the definition of a bisector for these constructions. ,

Definition: A bisector divides something infe twe cangruent parts. An angle bisector is o ray
that divides on angle into two cangruent angles. A midpoint is a point that divides « line segment
Tnfo two congruent segments. A perpendicular bisector is ¢ line that is perpendicular te o line
segment and also divides the segment inte two cangruent segments.

D
!\.Lm\\_ﬂl\\tm

A

B c

BDis the angle bisector Mis the midpoint of A, PR s the perpendicular
of LABC. . bisector of AB.
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Step 2

Step 3:

Step &

Step 5:

¥ Guided Investigation 2.1

FOLDING AN ANGLE BISECTOR

Use your straightedge to draw an angle
on a patty paper. -

Fold one side of the avgle on top of
the other.

Does the crease divide the angle into

two congruent parts? Check this by tracing
one of the smaller angles and placing the
copy on top of the other smaller angle,

Draw a point on the angle bisector. What
is special about this point? Experiment
with your patty paper to find out.

Place one edge of a second patty paper on
one of the sides of the angle. Slide the edge
of the patty paper along the side of the
angle untl an adjacent perpendicular side
of the patty pzper passes through the point.
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Guided Invostigation 2.1 continued

FOLDING AN ANGLE BISECTOR

Step 6:  Mark this distance on the patty paper,
and then compare this distance with the
distance to the other side by repeating the /
previous step on the other side of the angle, -

| y-~at——t mark this distance

What is true about the distance from a point on an angle bisector to each of the two sides of the angle?
Is the point closer to onc side or the other?

Your next patty paper conjecture could be:

Tf a point is on the bisector of an angle, then it is equally distant from the

V|5
This conjectue gives you a way to find a point that is the same distance from two sides of an angle. In
a later investigation you will use this conjecture to find the center of the inscribed circle of a triangfe. -
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' Guided Investigaiion 2.2
RS 3& EOLDING THE PERPENDICULAR BISECTOR OF A LINE SEGMENT

Step 1z Use vour straiphtedge to draw a line segment

on a patty paper _\

$tep 2:  Fold the paper so one endpoint lies on top .
of the other Open it up. ) -

Does the crease divide the segmuent into two equal pares?

Step 3= Place a point where the crease intersects the <
sepment. This point is called the midpoint N
of the segment.

Lag—+ midpoint
-
.
s
s
.
N
-

Step 4:  Use a comner of another patty paper to check if the angles formed by the crease and the given
segment are right angles. .

This is a very useful construction. You ¢an wse this method to find midpoints, construct wnﬂg&nﬁwnmu

make 90 degree angles, and divide segments into equal parts. If you wish to create just a midpoint,

bring the endpoints of the segment together, and pinch!

How can you describe the points on the perpendicular bisccror? What is special p_uoun each point on

the perpendicular bisector of a segment?

Step 5:  Place 2 point on your folded N
perpendicular bisector. .

Step & Compare the distances from the point to
each endpeint. You can do this by using a
second patty paper to measure the distance ~
between the point and one endpoint and then .
comparing this distance with the distance - .
between the point and the other endpeint. .

FOLDING THE BASIC GEGMETRIC CONSTRUCTIONS 19

Gulded Investigation 2.2 continved
FOLDING THE PERPENDICULAR BISECTOR OF A LINE SEGMENT

What is true about the distances from the point on the perpendicular bisector to each of _&n two i
endpoints of the segment? Is the point closer to one endpoint or the other? ‘

Your next patty paper conjecture could be:

If a point is on the perpendicular bisector of a segment, then it is equally distant from the

&

In a later investigation you will use this conjecture to find the center of the circumscribed circle of
a triangle,
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' Guided Investigafion 2.3
iri: FOLDING A PERPENDICULAR FROM A GIVEN POINT TO A GIVEN LINE

Here is one way to do this construction. You may want to experiment to find other ways.

Step 1:  Fold or draw a line on a patty paper
Place 2 dot on your patty paper to
represent the given point.

Step 3:  Use a corner of another mm&. paper to checle if the anglés formed by the crease and the given
line are right angles.

This construction allows you to fold an altitude. It is 2lso a way to determine the shortest distance from

a point o a line. |

' Guided Investigulion 2.4

. nth.\“@

...& FOLDING A PERPENDICULAR THROUGH A POINT ON A LINE

Step 1z Startwith 4 line and a point on the line.

Step 2: Fold the patty paper so thar the crease
goes through the point and one side of
the line lies on top of the other

Step 3: Use a corner of another patty paper to check if the angles formed by the crease and the m_qnu
Iine are right angles.

This construction allows you to fold a right angle. Many polygons contain right angles. Look around!
Right angles are used more than any other angle.

FOLDING THE BASIC GEOMETRIC CONSTRUCTIONS 21

Step 2: Fold the line on top of itself so that the ,
fold passes through the given point.

| Guided Invesligation 2.5

~~{ FINDING A LINE PARALLEL TO A GIVEN LNE THROUGH A GIVEN POINT

Step 1:  Fold your patty paper to create a
given line or use your straightedge - . .
to draw a line. Draw a point which
is ot on the given line.

Step 2: Fold the given line onto itself so that the
fold passes through the given point. The line
formed by this fold is perpendicular to the
given line.

Step 3: Unfold the paper and fold the new line onto
itself to form another line perpendicular
10 the second line. Be sure this last folded
line goes through the point,

Step 4:  Unfold and you will have rwo lines (the
given line and the last folded line) that are
parallel to each other and perpendienlar
to the second line,

HMWEM investigation you used the fact that if two lines
Band W ) are perpendicular to the same line (EF)
and u._.._n threc lines lic on the same plane, then the two
lines x»m and mmwv poust be parailel. This is an imporrant
idea that will be used in future investigations.

‘This construction will allow you to create parallelograms,
rectangles, and other figures with paralle! lines. Try folding
a parallelogram an your patty paper You will diseover propertics of parallelograms in a later lesson.
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i) Compasses, Angles, and Circles ;

Geometers distinguish between a drawing and a construction. You make a
drawing to aid memory, thought, or communication. A rough sketch serves
this purpose quite well. On the other hand, a° construction is a guarantesd

recipe. A construction shows how, in principle, to accurately draw a figure
with a specified set of tools.

In your study of geometry you will probably use both hand construction
tools and computer tools. The computer tools are introduced in the
next investigation.

Hand Construction Tools

Compass A compass is any device—even a knotted piece of string—-that
allows you to move a pencil a fixed distance around a certain point. A
compass allows you to copy distances and to construct circles of any size
that you can place anywhere,

Straightedge An object with a straight edge—even a piece of paper—helps
you draw a segment to look straight. In general, a straightedge is unmarked
and you cannot use it to measure distances. You can usc a straightedge to
draw a line through, or a segment between, two points, You can also use a
straighiedge to extend a drawing of a line.

Measuring devices Rulers and protractors are measuring devices. You can
use a ruler to measure the length of a segment or the distance between two
points. You can use a protractor to meastire ag angle.

Paper Paper is not just a surface on which to write and draw. You can use
the symmetries formed by folding paper to construct geometric figures
creatively. You can also use dissection—the process of cutting paper figures
and rearranging their parts—as a powerful aid to reasoning,

String You can use string and tacks to build devices that you can use to
construct circles, ellipses, spirals, and other curves.

episode 1

Sasha and Tony are trying to draw a trigngle with side lengths 3 in.,
4 in., and 5 in,

Sasha  I'm going to use three rulers to draw this triangle.
ony  Why threerulers?

Sasha  Watch and learn, Tony. First, Pll draw a segment that is one of the
given lengths, say the 5-inch segment. Then I'll use the other two
rulers to represent the other two sides of the triangle and swing
them toward each other until they meet. P'll connect the point

1.6 Compasses, Angles, and Circles 27




where the two rulers meet to each end of the 5-inch segment.
That gives me my triangle.

Tony Very nice, but I bet [ can do the same thing with only one ruler.
Sasha  Let'ssee!

Tony Okay. First I'fl start just like you did and draw the 5-inch segrment.
‘Then Pl put the ruler at one end of the 5-inch segment, mark off
4 inches, and swing the ruler around with my pencil to sketch
an are,

A “
A Y
S N -
\ 57
\ PR
s A
; '
e
e o
. —_—
5 inches R

5inches

Then I'll put the ruler at the other end of the 5-inch segment,
mark off the 3-inch side, and swing the ruler around o make
another arc. And, voila, there's my triangle!

—

5 inches
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For Discussion o .

1. Do you see Tony’s triangle? Explain how you know his triangle has the
correct side lengths.

2. The title of this lesson is Campasses, Angles, and Circles, but this lesson
has not yet mentioned compasses, angles, and circles. How do Sasha’s and
‘Tony’s ruler tricks both imitate a compass?

3, How cana compass make a gwmemc construction easier?

Problem Praw a line segment. Wlthout measuring, construct its midpoint,
A mldpomt is the point on a segment thatis halfw.my between the
two endpoints.

Sgluiion The simplest approach is to use symmetry by folding. Fold the
segment so that its endpoints lie on top of each other. This matches its tivo
halves exactly. The point that separates the two halves is the midpoint.

In fact, all points on the fold line are equidistant from the two endpoints of g
the segment. This is easier to see when the paper is folded. Any point on the
fold is the same distance from each of the two original endpoints, because
the endpoints are now at the same place.

The fold line is also perpendicular to the segment. You can show this by

« matching angles around the bisector to show they are congruent
s showing that the sum of the measwres of the adjacent angles is 180°

Tlmrefore, the fnldiine is lhe perpendiuulm bisecmr of the segment

segment at the t;egment s mldpomt v—’/

T ?ieorem 1.1 Perpend;culat Bisector Theorem

Each pomt on the perpendlrular blsector )1 of a
segment is equidistant from the two endpoints c
of the segment.

A thanrem is a statem nt

that has been’ proven
Although you will not
prove the Parpendicutar '
- Bisector.Thearem or = -

P—— L R s converse until - o
A Dl B Chapterz you can use: "

both as theorems now. -
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Every triangle has three side lengths and three angle measures. In Chapter 2,
you saw that you do not have to know all six measurements to prove that
two tiangles are congruent. In fact, you only need to know three of the
measurements—all three side lengths {S38), two sides and the included
angle (SAS), or two angles and one side length (ASA and AAS). There must
be some way to figure out what the other three measurements are from the
ones you know.

episode 2

Tony and Sasha are talking about situations in which they could use
three triangle facts ta deterntine the others.

Tonf,! If you just know three sides of a triangle, how could you ever
figure out what the angles are without constructing it?

Sasha  Wel, I dop't know how to do it for every triangle. I bet I can give
you three facts that you could use to solve for the other three,

Here's one [ know you know. What if AABC has three sides that all
measure 6.17 cm? What are its angle measures?

Tony Okay. That one I get. So L agree that there are some spectal cases
that are possible to do, How about a side-angle-side set?

Sasha Howabout ADEF with DE = 4in,, EF = 4in,, and mZE = 90°?

Tony with two sides of a right triangle, T can always figure out the
length of the third side, but how can 1 figure out the other two
angle measures? Oh, it’s an isosceles right triangle.

Now I've got an angle-side-angle set for you, Sasha: AGHT where
s G = 30°, mi H = 60°, and GH = 6 mm.

Sasha  Thatone’s tricky, butat least
it must be a right triangle.
I'll draw a sketch.

Hey! This is just half of an
equilateral trianglel

6.6 Some Special Triangles 469



For You tce Do .

Answer these questions about the several triangles that were mentioned in \
the Minds in Action.

1. What are the measures of the angles of AABC? Lxplain.
2, What are the missing measures of A DEF? Explain,
3. What are the missing measures of AGHI? Explain.

L 3 . s
4. Create a new problemn in which you specify only three measurements for a
triangle. Make sure the other three measurements can be determined from
the given information. Exchange problems with a classmate. j

In the Minds in Action, Tony and Sasha discussed an isosceles right triangle
and a triangle that is half of an equilateral triangle. You already know many
properties of these two triangles. Now it is time to learn how the angle
measures and the three side lengths in each are related.

A 30-60-90 triangle is ©
right triangle thatis .
half of an equilateral
iangl FERie N

Problem An altitude of an equilateral triangle cuts it into two right triangles.
If the side length of the original triangle is «, find all the side lengths and
angle measures for one such right triangte.

Soluiion [ereis a diagram of the situation,

K

i
I
3
3
4
i
1
I
I-
i

J] M L

The measure of 2 KLM = 80°, because £ KLM is one of the angles of the
original equilateral triangle. You also know that mZ LMK = 90°, because

KM is an altitude of the equilateral triangle. mz MKL = 30°, because the
sum of the three angle measures is 180°.
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KL = a, because K7, is one of the sides of the original equilateral triangle.
LM == g, because the altitude of an isosceles triangle bisects the base. You
can find KM by using the Pythagorean Theorem,

KM? + LM? = K12
K2+ (42 =
KM = 32

KM = V34

Here is the triangle with all of its angle measures and side lengths marked,
Learn to look for and recognize triangles with these angles, or with side
lengths that are proportional to those in this triangle.

You can also call this triangle a 30-60-90 triangle. The ratio of side lengths in
a30-60-90 triangleis 1: V3:2,

S/

For You io Do ...

A diagonal of a square cuts it into two congruent right triangles.

5. Ifthe side length of the square is @, find all the side lengths and angle
measures for one such right triangle,

A right triangle that is half of a square is an isosceles right triangle. You can
also call it a 45-45-90 triangle. Learn to look for and recognize triangles
with these angles, or with side lengths that are proportionat to those of an

isosceles right triangle. The ratio of side lengths in a 45-45-90 triangle is
101 V2

- ez
e o b

Prove, If you did not
remember that the
altitude of an isosceles
triangle must bisect its
base, you could quickly
prove it using AAS
congruence of the two
rgght triangles.
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In Cut and Rearrange, you will cut a given shape into parts.
Then you will rearrange the paris to form a second shape.
Cutting and rearranging will not convert a given shape into
just any other imaginable shape. For example, you would
not expect the resulting shape to have greater or lesser
area. Chih-Han Sah was a mathematician who specialized
in dissections of this sort. He called two figures that can be
cut into each other scissors-congruent.

By the end of this investigation, you will be able to
answer questions like these.

1. What is an algorithm?
2. Why is it important to justify cach step in an algorithin?

3. What does the Midline Theorem say about the relationship between
a midline and the sides of a triangle?

You will learn how to
« devise and follow algorithms to dissect and rearrange ane figure into
an equal-area figure

 justify each cut in a dissection
+ write general algorithms for dissections

+ test algorithms with standard and extreme cases

yYou will develop these habits and skills:
¢ Visualize ways to make equal-arca figures through dissection.
Write clear and precise algorithms.

Reason by continuity to identify
extreme cases.

The total area remains the same no
matter how you arrange the pieces,

-;Iu-ph!bbc?!-tac-l-/‘b-ur\l'ynt--qMtoIJQ'Drhwr'nrmh"v--—v'ano.-,1'»lanq:qdrﬂﬂO‘Ol:nqnn-‘-w-nn-yq-vd-eo-«0!-!‘&3)l-:-9,-‘wrnﬂv—n‘—nvﬂgdn.-l-tnrm-a-qru(vn—.nq—h-n—'




Activating Prior Knowledge
= Exploring Mew Ideas

ting Started )

Geometric langnage helps you clearly describe how to move pieces
to change one shape to another, Assume that you have a shape made
of two congruent right triangles, You can use three types of moves to
change the shape into another.

In the figure at the upper left, the two right triangles form a parallelogram.
Moving clockwise, you can

o slide the gold triangle parallel to a base of the parallelogram to
form a rectangle

o reflect the gold triangle across the dashed line to forma kite
o rotate the gold triangle about a vertex to form a triangle

e reflect the gold triangle across the dashed line to form the
original parallelogram

paralielogram rectangle

triangle kite

3.1 Getting Started 171




For You to Explore

1.
2.
3,
4,
5.

6.

172

Yor Problems 1-5, start with the shape described. (Your teacher may give
you copies of shapes to work with.) Cut this shape into pieces that you
can yearrange to form the second shape described in the problem. T he two
shapes are sassors-cong ruent: Write a complete description of the cuts
you made and how you moved the pieces.

Start with a parallelogram, Cut and rearrange to form a rectangle,
Startwith a right triangle. Cut and rearrange to formn a rectangle.

Start with a (not right) scalene triangle. Cut and form 4 parallelogram.
Start with a (not right) scalene triangle. Cut and form a rectangle,

Start with a trapezoid. Cut the trapezoid and form a rectangle.

Study each pair of figures below.

Describe how to turn the first shape into the second shape by reflecting,
rotating, or transtating one or more of the pieces.

a.

Chapter 3 Dissections and Area
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i

) Do the Cuts Really Work?

Have you ever expected a dissection to work, but then discovered that the
pieces did not quite fit? Or perhaps the pieces looked like they fit, but you
found it difficult to be sure?

pieces. I this book, 2
dissection also invglves

To understand why a dissection works, you must know properties of the
shapes you are cutting. Here are some properties of paratlelograms that you
learned in Chapter 2.

+ Parallelograms have exactly four sides.
+  QOpposite sides are parailel.

= Opposite sides are congruent.

» Opposite angles are congruent,

+ Consecutive angles are supplemenlary.

« The diagonals bisect each other.

Here is Toay's method for dissecting a parallelogram into a rectangle.

Cut out the parallelogram. Make a fold through vertex Dso that Alines up
on the bottom, on AB.

D C D C

A ' B A B
Then unfold and cut along the crease, Slide the triangular piece along ABso
that AD matches up with BC and you have a rectangle.

D c D cCD

A B B A
Tony cut two pieces: a triangle and a trapezoid, He then
rearranged those pieces. But what guaranteed that

the rearrangement had four sides? Here arc two ways

that his dissection might faik.

The newly glued edges The new botiom edge
might not match. might be crooked.

Chapter 3 Dissections and Area




For Discussion ... o S B,

In fony’s method on the previous page, you slide the triangle to the
opposite side of the trapezoid, Explain how the properiies of paraltelograms
guarantee each of the following,

1. 'The two pieces fit together exactly.

2. The new bottom edge Is straight.

b

episode 5

Susha and Derman are trying to dissect AABC into a parallelogram.

C

A
Sasha A midline is parallel to one side of the triangle, so let’s make one.

Find the midpoint of AC. Name it M. Find the midpoint of BC.
Name it N, Cut along MN.

A

Trerman T see where you're going with this. You can rotate AMCN—the
triangle you just cut off—around M, untl MC matches up with MA.

CA

asha  Now we have a parallelogram, right?

3.2 Do the Cuts Really Work?
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Derman 1 guess we do, but what if it just looks like a parallelogram? What
if our scissors techniques aren't accurate and the picture should
really look like this?

M

Sasha  Good try Derman. But the steps we took guarantee that we can
stick those pieces together.

See, since M is the midpoint of X(j? 'in the original triangle, MC
must equal MA. So, sides MC and MA fit together exactiy.

{rerman Aaaahhh. It’s a proof!

For Discussion . . _ . -

3. If the final figure is realfy a parallelogram, then the top edge must be \\
straight, It must not look like the picture hetow, How does Sasha and
Derman's method guarantee that it will be straight?

4. If the final figure is really a parallelograrm, then it must be true that opposite
sides are congruent, How does Sasha and Derman’s method guarantee that

TN = BN?That AB = NN?
N

C-A /

i e ST - EITTNEI

Later in this chapter you will see a more formal discussion about arca. For
now, assume that a polygon has area and that the area does not change
when you dissect the polygon.

176  Chapter 3 Dissections and Area




1. Write Aboui Tt List all the properties of rectangles that you can think of. Make_’a_'lis_t__. _Listing;ll .
Here is a start, properties-—even abvious.: -
. . ) . 9 or redundant ones—can .-
« TRectangles are parallelograms. té help you notice things
o Rectangles have exactly four sides. & 'you might otherwise "
o All angles measure 90°, gﬁio"edoc’k' o

Here is Diego's method for turning a rectangle into an isosceles triangle. Use
this for Exercises 2 and 3. '

Start with a rectangle. Cut along a diagonal,

D c D _ C

A B A B

Slide AABD to the right, along the bottom, so AD lines up with BC. Then
flip AABD so you have a triangle instead of a parallelogram.

D__ cp D

BA Y

Diego’s diagonal cut makes two triangles. Below are two ways that the
dissection might fail.

The r}ewly glued edges The new top edge
might not match, might be crooked,

3.2 Do the Cuts Really Work? 177




3. Choose one of your algorithms for dissecting parallclograms, scalene
triangles, and trapezoids into rectangles. Justify each step to show why
your algorithm reliably produces the desired result,

a. Why do pieces match?

b, Why are line segments straight?

€. Why are angles right angles?

d. Onice more, pay close attention to whether your justification works in

general, or only in certain cases.

4, Here is an algorithm for turning a scatene triangle into a right triangle.
Justify each siep.

a. Why do pieces match up?
b. Are segments straight?
¢. Why are there right angles?

d. Is this a specific case, or is it general enough for the algorithm to work for
all scalenc triangles?

5. Write an algorithm for dissecting a parallelograin into a triangle.

6. Justify each step you used in the dissection of the parallelogram
into a triangle.

3.4 Checking an Algorithm
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Vocabulary

In this investigalion, you learned these terms,
Make sure you understand what each one
means and how to use it

« algorithm
e hypotenuse
s scissors-congruent

. —_— . . ; 1
. Describe and justify each step in the dissection that turns any parallelogram

. Deseribe how you would dissect this C B

. Isit possible to dissect each of these

. Copy and dissect the trapezoid at the right

. Draw AABC Join the midpoints of its three sides

. Why is it important to justify each step inan algorithm?

. What does the Midline Theorem say about the relationship

« f
Ymupna®

In this investigation, you used dissection to make
scissors-congruent shapes. You also used the Midline
Theorem. These questions will help you summarize what
you have learned.

into a rectangle.

rectangle into a right triangle. Justity
each step. Draw pictures as needed.

triangles into a parallelogram? If you
think it is possible in either or both of
the cases, describe the steps.

into a triangle.

to form A DEE What is the ratio of the perimeter of A DEF to the perhmeter of
AABC?

What is an algorithm?

hetween a midline and the sides of a triangle?

Some arrangements of parts make
more sense than othess.
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You can disassemble the tabletop
and the table leaves. The {otal
area remains the same.

Arvea Formulas

In Area Formulfas, you will formalize the ideas of cutting
and rearranging. You will derive and prove the area
formulas for triangles, parallelograms, and trapezoids.

By the end of this investigation, you will be ahle

to answer guestions like these,

1. If two figures are scissors-congruent, do they have the saine
area? ixplain,

2. Are all squares with the same area congruent?

3, What is the area formula for a parallelogram? For a triangle?
For a trapezoid?

You will learn how to

+ understand and apply basic assumptions about area

« identify critical measurements that can be used to find the areas of
different types of polygons

« use dissection algorithms to develop area formulas for

paralielograms, triangles, and trapezoids

You will develop these habits and skills:
+ Understand what area is and what kinds of transformaltions
prescrve area.

¢ Calculate areas of reciangles, parallelograms, triangles, and
trapezoids.

+ Reason by continuity to relate different area formulas and polygons.
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e e, WMTM«*% Activating Frior Knowledge
Getting Starte’d } J: Exploring Nev deas

When you think of measurement, you probably think of feet or inches, or
maybe centimeters or miles. These all are measures of length. Sometimes it
is more important to know how much area a figure covers rather than how
long or wide itis.

For You to Exnlore ...

1. a. What is the area formula for a rectangle?

b. Draw several pictures of rectangles that have area 12 square units. How

many are there in ali?

2. Use half sheets of standard Bz in.-by-11 in. paper as your starting rectangle.
Cul that rectangle into the foliowing number of cqual-area rectangles.
a. twe b. four ¢ five

3. Suppose you want to cut a rectangle into pieces having equal areas. Is there
any number of pieces that is nof possible? Explain your answer. ‘/

4. Make a parallelogram. Dissect it into a rectangle. Use an algorithm that you
know wilk work with any paratielogram,

a. Measure and record the length and width of the rectangle.

b. Carefully rearrange your pieces into your original parallelogram. Note
the measurements of the parallelogram that correspond to the rectangle’s
length and width,

5. Draw a triangle, Dissect it into a rectangle. Use an algorithm that you know
will work with any triangle.

yiinline. |
. Video Tuior |
i

E
T
a. Record the length and width of the rectangle. E s
bl pHSchooldom ;)

b. Carefully rearrange your picces into your original triangle. Note how the i : Gt
rectangle’s length and width relate to measurcments of the triangle. Wely Code: bee-0775

3.6 Getting Started 195




Scalene Triangle 1: adapted from CME Geometry Blackline Master 3.18




Scalene Triangle 2: adapted from CME Geometry Blackline Master 3.1C




Trapezoid: adapted from CME Geometry Btackline Master 3.1D




Right Triangle: adapted from CME Geometry Blackline Master 3.1A
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Working with Exponents
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In Working with Exponents, you will use the basic rules of algebra to
discover the taws of exponents. You will learn how to extend the rules
to work with zero, negative, and rational exponents.

By the end of this investigation, you will be able to
answer questions like these.

1. What is the Fundamental Law of Exponents? What are some of
its corollaries?

2, How do you extend the laws of exponents to define zevo, negative, and
rational exponents?

2
3. What are the simplified forms of the expressions 49,772 and 537

You will learn how to

o evaluale expressions involving exponents, including zero, negative,
and rational exponents

« find missing terms in a geometric sequence and generate geometric
sequences to interpret expressions involving rational exponents

o convert between exponentiat and radical forms for rationat exponents

You will develop these hahits and skills:

o Ixtend the laws of exponents to allow evaluation of zero, negative, and
rational exponents.

+ Reason logically to verify that a particular interpretation of an exponent
follows the laws of exponents.

« Generalize from specific examples to develop and veriiy identities.

Radiographers use X-rays for
medical imaging. X-rays have
wavelengths between
1077 and 107 1% cm.
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For You to Explore

1

2.

. Write About 1t What are some rules of exponents? Give examples.

Activating Prior Knowledge
2 Explaring New ldeas

Fxpressions or equations may contain variables as exponents.

Copy and complete this table for the function flny = 2% \

Input; n | ~Cutput,(n).

I
R
— 2
R
—

Solve cach equation.

a. 23,25:2a b_zb.ZSzzH
¢ 3¢-3°= 3l d. (39)? = 3%

7 5
e.f::—f = 5% f. 38 =95
4. 53h =57 h. (Sk)S =54

A geomelric sequenceis a list of numbers in which you get each term by
multiplying the previous one by a constant. For example, the sequence
below is a geometric sequence, since each term is three times as great as
the previous ternt.

4, 12,36, 108,324, . ..

For Problems 4 and 5, find the missing terms in gach geometric sequence.

> b, 4, ~8, 16, &, =

“ d. a,2a, @, 5, 8

a. 1,1, 6,8, 8, B, .. b o | e
€ 2,5, 18,8, 8, B, d. p

5,1 Getting Started 389




10.

I
. Decide whether each equation is true for all positive integers @, b, and ¢.

. Copy and complete the table for the

a a2 b b. ab*te 2 gb+ af c. abte 2 gh.ge
d. al. at 2 ol e. {al)f 2 abc f. {a¥)¢ 2 o

b .
g. “(‘i—c 2 ab=¢ h. (ab) Z a(b®)

Determine whether each expression is equal to 212 Explain.

a. 210 4 22 b. (29)(27)(2*) ¢ 2828
d. 29 + 2% e (21922 o242t
9. (29)(29) h. 4(219)

input, n | ‘Output, g(n)
Problem 1 shows a table for f{n) = 27 B B
Exercise 8 shows a table for g(i) = 3", 4
Consider the function Ji{n) = fim + gln). 3 37
2
1

function g{in) = 3%

a. Calculate h(3).

b. Use the completed tables to calculate
h(0y, (1), and h{2). S TR

0
¢. Find asimple rule for i{n). St
—1
Take It Further e
a. Bxplain why there are no positive - __.—2 :
integers a and bsuch that 29 = 5% -3

b. Find the number xthat makes 2% = 5,
Round to four decimal places.

¢. Jind the number ythat makes 2 = 5% Round to four decimal places.

d. What is the relationship between xand »?

11.

400

Solve each equation,
a. 3% = 8l b, 3%*1 = 81 ¢ 3%V= 81
d. 37% =81 e. 3% 1 =g} f. 35 =81

Chapter 5 Exponential and Logarithmic Functions




Logarithmic Functions
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In Logarithmic Functions, you will learn that logarithms are the
inverses of exponential functions. You wifl use logarithms to solve
exponential equations.

By the end of this investigation, you will be able to
answer gquestions like these.

1. What are some reasons to use logarithms?

2. What is a logarithmic scale and when do you use ir?

3. I you invest $1000 at 6% interest, compounded annually, how many
years will it take untit your money grows to $10,000%

You will learn how to

« evahuate logarithms of any base using a calculator

+ use logarithms {o solve exponential equations

s graph logarithmic functions

You will develop these habits and skills:

s Reason logically from the definition ofa logaritiumic function and the
laws of exponents to develop the laws of logarithms.

visualize the graph of a logarithmic function from the graph of the
corresponding exponential function,

Convert flexibly and strategically between logarithmic form and
exponential form, and choose the best form to solve problems.
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The Krumbein scate
is a tonarithmic scale
used to classify the
size of particies.
A boulder with
diameter 256 min
or greater has &
seale value of
—8 or less.
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n this lesson, you will investigate a funcion on your calculator calted LOG.
There may be a1.0G key on your cateuator. If there is not, look in your
calculator’s function library. You use the notation log xfor this function.

Foy You tn Explore oo

1.

w

-

10.

decimal places. i o

. Find the value of log 2 + log 3 to four decimal places. R

. a. Calculate log 2 + log6. g . n
h. Calculate log 3 + log 4. _4 3
c. Calculate log3 + log2 1 log 2. ; ]

. Estimate each result using the table from Problem 1 and

_ Find a rule for calculating log MY in terms of log M

. . 1o
1OG key for each integer input from 0 to 10, Copy and SRS D
complete the table below. Record each output to four 0 #

Use your calculator to find the outputwhen you use the [ X_i 9 ¥ \

|
i
|
J

f

d. Find the number ¥ such that log x = log2 + log6.

!

any pafterns you have seen so far, Then use a calculator
1o confirm the answer. .

a. log 15 b. log24 ¢ logib d. log63

|

- |
-
i

|
|
F
1
|

and log N. (Hint: Refer to the results from Problem 4.)

Estimate each result using the table from Problem 1 and any patterns you
have seen so far. Then use a calcutator to confirm the answer.

a. log 16 b. log 32 c. log G4 d. log2t? e. log3®

. Tind a rule for calculating log MP in terms of pand log M. (Hinl: Refer {0

the results from Problem 6.}

Write About It Explain how you can use the result from Problem 7 and the
table from Problem 1 to estimate log 4.

Determine the domain and range of the function x+> log X,

Take It Further Use the rules that govern the function x > log x to find the
solution to the following equation.

2¥=5

s Activating Prior Knowledge
a7 Explaring Hew tdeas

Cetﬁng Started
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. You have seen that log 10 = 1. Now calculate each of the following values.
a, log 10? b. log 10° ¢ log10®

Try . eva uatmg theSe .

express;ons wrtho
d. log 10'® e log10?
12. Calculate each value.
a. 1082 b, 10083 ¢. 101080
d. 10lo8 10 e. 1019873

13. Describe the relationship between the functions x> log xand x = 10t
Give examples,

14. Solve each equation for x.

a. log % +log4 =logx b. log 3 Z +log3d = logx
¢ log f’:f + fog 17 = log x d. log x + log2 = log 5
e. log x + log7 = log3 f, log.x = log1l —logd

15. Find a rule for calculating log 7y -4 in terms of log M and fog N.

16. On the same axes, sketch the graphs of fix) = 3% gand its inverse function.

17. On the same axes, sketch the graphs of f(x) = log x and its inverse function,
18, Suppose log{A} = L 6 and log(B = 2.7. Find each value.
a. log AB b. log A* ¢ log 71

d. log ﬁ e. log AB? f. log VA

19. Tind a pair of consecutive integers jand kthat satisfy each inequality.
o j<lopg7<k
o j<log70 <k
o j<log7000 < k
o j< log143,265 < k

462 Chapter 3 Exponential and Logarithntic Functions
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2) The region below the curve, above the x axis, and between 1 and 16
has cross sections that are perpendicular to the x axis. Each cross
section is a rectangle. The base of the rectangle lies on the region and is
1, the height of the rectangle. Find the volume of the solid.
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3) The region below the curve, above the x axis, and between 0 and 4
has cross sections that are perpendicular to the x axis. Each cross
section is a semicircle. Find the volume of the solid.
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4) The region below the curve, above the x axis, and between 0 and 5
has cross sections that are perpendicular to the x axis. Each cross
section is an isosceles right triangle. One leg of the triangle is the
height, the other leg lies in the region. Find the volume of the solid. .



